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CEAPTJE I 


INTROnJCTIOF 


The study of square simmable power series, ooncerning the 
extl^tion and closure problems for lijaear transformations in Hilbert 
spaces originated with the work of A. Isturling [2 ] . He constructed 
a model of a linear transfoimation 1 defined in a HUbert space H 
such that — > 0 as n oo , the adjoint 3* is isometric and the 
eigenvectors form a fundamental set in H,and found I to be unitarily 

eq.uivalent to the transformation f(z) — > ^19 . } , a Hilbert 

space of analytic functions, square integrable on the unit circle. 

He characterized that the invariant subspaces under the multiplication 
by z are of the form b(z) where b(z) is an analytic function in 
the disc such that jB(e^ )j = 1 , almost everywhere on the boundary, 
which led to the factorization of b(z) in terms of inner and ourer 
functions ( [15 1? Chapter 3)* Ihis work was extended to vector-valued 
analytic functions by Helson and lowdenslager [l3 1 and an analogous 
factorization for operator-valued analytic functions was given by 
Lax [17 ] . Ihis theory also led some workers (de Branges, Rovnyak, 
Halmos, etc.) to study shift operators and their invariant subspaces 
and motivated Sz.-Hagy and Boiae to study contraction transformations 
[24 ]. later, the theory was developed to solve many problems of 
operator theory ( fe] , [lO 3), 
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1.1 ITotations and some baaio definitions 

. • The following conventions and notations are followed throughout 

the thesis. lEhe letter $ denotes a fixed complex Hilbert space which is 
used as a coefficient space. In general, the cardinality of the complete 
orthonomal base of S is assumed to be infinite and is mentioned 
explicitely whenever it is finite, (in particular, S is complex field 
if its dimension is l). a vector, or constant, we mean an element of 
5 . I I is used for the norm in 5 . If c is a constant then 
oa =< a,c > for every vector a. an operator we understand a bounded 
linear transformation defined over S into S . !Dhe word operator is 
reserved for transformations inS . The adjoint of an operator A is 
_ denoted by A. Small letters are used for vector-valued functions whereas 
capitals are taken to denote operator-valued functions (a ftmction, the 
range of which is contained in the algebra of operators). ^ a 
iaransformation T we mean a bounded linear transformation in some Hilbert 
space with its adjoint denoted by T*" . We take p(z) to denote a 
function whereas its value at some point is denoted by P(w). 

Itor definitions of technical terms we refer to the book of Xato [I6 ]. 

Let D be a domain in the complex plane, A function f(z) 
defined on. D into S is said to be (vector-valued) analytic at 2 if 
■cf(z) is (complex) einalytic In some neighbourhood of z f)r every 
constant c. A fxinction f(z) defined on D into operator algebra is said 
to be an (operator-valued) analytic function at z if yp(z)K is a (complex) 
analytic at z for every pair of vectors x,y. These are weaker 
definitions of analyticily but they imply analyticiV ^ norm topology 
( [14] j Theorem 3.10.1 ). Beside these definitions we drall need 
Ihragmen -Lindelof principle for operator-valued analytic functions 
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which can be obtained from Iheorem 3»13*6. ([14])» We also need imiform 
convergence of sequence of analytic functions ( [ 14 3 ; jQieorem 3*14*1)» 
3Dr general theory of vector-valued analytic functions we refer to the 
book of mile and Phillips [ 14 ]. 


1.2 Some b asic s' oaces 

Consider the collection of power series f(z) =Sa^z^ with 
in S for n=0,1,2,... Define f(z) + g(z) = ^ 

af(z) * 2 aa^z*^, where g(z) = a is a scalar. Denote by S (z) 

n 2 2 

the set of power series f(z) = 2 a^z such that | f jj ^ oo * 

Then s(z) is a Hilbert space in Ihe above norm and contains 
whenever f(z) belongs to S (z) . Moreover, it has following property 
for eveiy element f(z). 

(1.2.1) II II 2 . ||f(z)f - |f(0)' ^ 


Ihe adjoint of the transfomation f(z) ^ 5 ( 2 ) is an 

c 

isometry and is given by f(z) zf(z). Ihe series ^ ^ belongs to 
S(z) whenever c is a constant and 1 1 "n Moreover, the identity 


c f(w) = <f(z), > 


holds for every element f(z) of s(z) and constant c in'S when |w| < 1. 
'PhHa Implies that power series f(z) converges uniformly on every compact 
set in |wj< 1, hence represents an analytic function in the unit disc. 
It is a wellknown resiJlt that 


H f(z)ll ^ * lim 

1 - 


% 

S lf(re^® )I^<^ , 

•IE 


J[_ 

2 % 
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which shows that S(z) coincides isometrically with Ii( [15 ]> Oahpter ?)• 

(An extension of the closure problem [2 ] for the vector-valued 
case was studied ly Rovnyak [19 ] and Halmos [11 ] ). An ideal in -5(2) 
is a closed subspace M of ^(z) which contains zf(z) whenever it contains 
f(z)« let B(z) = ^ power series with operator coefficients 

such that 


(1.2.2) llE(^)c|l^. 


whenever c is a constant orthogonal to the intersection of kernels of 

00 n 

B , n>0. Define B(z)f(z) = I ( I B^ , a, )z . Ehen g(z) = B(z)f( 2 ) 
n - 0 0 ^ 

belongs to (z) whenever f(z) belon^iS to S (z) and |j g(z)|j = |jf(z)|j . 
Denote by M(b) the range of multiplication by B(z) (which is a partially 
isometric transformation) in 5(z). definition, b(z) converges to 

an operator-valued analytic function bounded by 1 in the unit disc and 
assumes isometric values a.e. on the boundary of the unit disc. It was 
characterized [19] that every ideal M is equal isometrically to M(b) 
for some power series B(z) with operator coefficients which satisfies 


( 1 . 2 . 2 ). 

It is shown in ([5 3, [11 ]) that if I is a transformation 
bounded by 1 defined over S(z) into S (z) such that T zf(z) = z Tf(z) 
for every f(z) in S(z), then Tif(z) B(z)f(z) vdiere b(z) is a power 
series with operator coefficients which converges to a function bounded 
by 1 in the unit disc. There are several characterizations of such power 
series B(z) in terms of its coefficients; one of them is given in [10 3 • It 
Icown that if B(z) is a power series with operator coeffLcien+s which 
converges to a function bounded by 1 in the ■unit disc then B(z)f(z) 



belongs to ^ (z) and j| B(z)f(z) |j ^ | f(z)lj for every element f(z) of 
S(z)* If f(z) is in s(z), let its B-norm be defined by 

j|f(z)jl| = sup (ll f(z)+B(z)g(z) H^- 11 g(z) 11 ^ j , 

where the supremum is taken over all elements g(z) of S (z). % H(b) 

we mean the set of all power series in s(z) which have finite B-norm. 
Then H(b) is a Hilbert space in the B-norm and is the orthogonal 
complement of M(b) whenever the multiplication by b(z) in S(z) is a 
partial isometry. Note that | f(z)| ^ > | f(z)| . If f(z) is in H(b) 

then belongs to H(b) and 

(1.2.4) y f(2)jj| _ jf(o)j2 ^ 

The adjoint of the transformation f(z) — ^ fa. H(b) 

(now onward r(o) will be used to denote this transfoimation in H(b) 
space) is given by 

(1.2.5) R(o)*; f(z) zf(z) - b(z) f (o) , 
where f(o) is determined from the identity 

c f(0) = < f(z) , c >3 


which holds for every constant c, !Ehe transformation 



6 


\ „/ \ V f(z) - f(w) 

E(w): tiz) „S . J. 

is defined for each element f(z) of H(b) when |w| < 1 . In fact, 
£!>■? ) ., j_g some element of H(b) and if we denote by f^(z) = 

fj^(z) - fj^(o) 

and f ,^(z) = n=1,2,..., then the series 

n+1 ' Z 777 

f^(z) + wfgCz) + w^f^(z) + .... 

converges in the metric of H(b) whenever |wj < 1 and its sum is 
, Iherefore, r(w) = (1-wR(o) )’*'*e(o). Its adjoint 
transformation is 

r(w)* t f(z) W - (zf(z) - b(z) f (w) ), 

where 

(1.2.6) e f(5) = <f(z), 

for all constants c. 

AS we see that r(o) plays an important role in the 


if 

f(z)-f(0) 

z 


factorization theory for operator-valued analytic functions and 
the study of contraction transformations, so it is desirable to 
study it thoroughly, factorization theorems are direct consequences 
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of existence of invariant subsjaces of r( 0) in H{b)' (-[- 6 }j'ineoreias 3j4)» 
Let H(a) and H(b) be two given spaces. A svifficient condition that h(A') 
is contained in H(b) such that the inclusion does not increase norms, i.e*', 
I f(z)|^ <_|f(z)|| ^ for every f(z) of H(a), is that b(z)=A(z)c(z) such that 
the space H(C) exists. In this case, A{ 2 ) f(z) belongs to H(b) for each 
f(z) of H(c) and | A(z)f(z) | ^ <_Hf(z)|| ^ . It can be used to calculate 
A~norms of the elsaents of H{a), i.e., 

|f(z) j|^ = sup (Hf{z)+A(z)g{z) I ^ - |g(z)| ^ \ , 

A ^ B 0 1 

where the supremum is taken over all g(z) of H{c). Every element h(z) 
of h(b) has a unique minimal decomposition, h{z) = f(z) + ii(z)g(z) 
with f(z) in H(a), g(z) in H(c) and 

(1.2.7) l|li(2)ll|= +|s(^)llo •- 

If ■^(2)gj^(3) is a decomposition Of in H(b) with 

fj^(z) in H(a) and g^(z) in H(c), -k=:1,2 and if atleast one decomposition 
is minimal, then 

(1.2.8) < h^(z), hgCb) >g =<f.j(z),f 2 (z) >^4< g^{z),g^(z) >Q , 

33iis result leads to Idle characterization!' A necessary and sufficient 
condition that h(a) be contained is<SE.etrioally. in H(-B) is that there is 
no non-zero eleoaent A(z)g(z) in -H( A) with g(z) in H(g).- An immediate 
use of. (1*2 <.8 } is^in the calculations ’of reproducing kur^aels for H(b)* 

If 0 is 'in 5and-iwj <1 ‘then c 'belongs to h{b) and 

♦ I i 
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(1.2,9) 


cf(w) = < f(z), 


1-B(2jB(w) ^ ^ 
1-zw B 


for every element f(z) of H(b). 

The study of R(o) in h(b) is related with the study of the 

transformation f(z) — > Z , h(b*), where #(z) = EB^z^, 

provided B(z) = EB^z^. In general, equality is not attained 
in ( 1.2.4) for every element of H(b). A necessary and sufficient 
condition that equality is attained in (l,2.4) for every element of 
H(B)^is that h(b) does not contain any non-zero element of the form 
B(z)c for any non-zero c in S. To Over come this difficuliy, H(b) 
is imbedded into an extension space ID(b). 3D(b) we mean a 
Hilbert space whose elements are pairs of power series. A pair 
(f(z),g(z)) belongs to ID(b) if f(z) belongs to h(b) and if g(z)= Ea^2^ 
where 

z'^f(z) - B(z) ^+....+ ) 

belongs to H(b) for every rfc=1,2,..., and if the sequence 


jj z*^f(z) - B(z) (a^z^~V...+ 



is bounded. The sequence is non-decreasing. Its limit is taken to 

Q 

define the 11 (f(z),g(z)) 11 , , . The transformation (f(z),g(z)) — > f(z) 

id(b) 

is a partial isometry onto h(b) whereas f(z) — ^ (t(z), f (z)) takes 
H(b) isometrically in ID(b), where f(z) is defined by (1.2.6). 
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It follows by the definition that the transformation 

(1.2.10) (f(z),g(z)) , zg(z)-B*(z)f(0) ) 

maps ID(b) into ID(b) and the identity 

II ( , zg(.)-B»(.)fC0))l - lf(0)|^ 

is satisfied for every (f(z),g(z)) of ID(b). This identity corresponds 
to the ineqmlity given by (1.2.4) for the elements of H(b). GJhe 
transformation (f(z),g(z)) (g(z),f(z)) takes ID(b) isometrically 

onto ID(b*). An immediate application of ID(b) space is seen in 
GJbeorem 12, ([6] ; p. 354) which states that the multiplication 
by B^(z) in 5 (z) is isometric (consequently, h(b*^) is contained 
isometrically in S (z)) if |(R(o)*“f(z)|l 2 — ^ 0 as n->oo . The 
transformation f(z) — ^ f(z)(defined by (l.2.6))on H(b) into H(J3*) is 
bounded by 1 . It is an isometry, if and only if, h(b^) does not 
contain argr nefi-g ore element of the form B*(z)c for any non-zero 
constant o. iHais was the statement of Theorem 13 ( [6] ;p. 354 ). 

Therefore, in general, it is possible that equality is attained in 
(l .2.4) for all elements of H(B*‘') but not for all elements of H(b), 
or the otherway round. 

Iiow we quote some results concerning characterizations 
of H(b) spaces, firstly, we give the canonical model of r(o) in h(b) 
from Theorem 1 ([6]jp. 347). let T be a transformation on a 

Hilbert space H into itself which is bounded by 1, such that the dimension 
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of the cloeure of the range of does not exceed the dimension of 

the coefficient space S . If there is no non-zero element f in H such 
that II li = I ^ll every n=1,2,..., then T is unitarily equivalent 
to the transformation f(z) — ^ ) , some Hilbert space of 

formal power series with vector coefficients such that belongs 

to whenever f(z) belongs to and 

Theorem 11, ([9] i p*17l) further , states that if 5 is infinite 

dimensional and is a Hilbert space of power series with vector 

coefficients such that it contains whenever f(z) belongs 

z 

to H , and 
o’ 

for all elements f(z) of then is equal isometrically to some H(b). 

1.5 Star the space h(b) to be contained isometrically in S (z),it 

is necessary and sufficient (a consequence of (l.2.8))that it contains 
no non-zero element of the form B(z) 1(z) with l(z) in S (z). Therefore, 
it requires an estimation of elements of H(b) of this form. The 
overlapping space 11= IL^ of the space H(b) is the set of elements 
l(z) of S(z) such that B(z)i(z) belongs to H(b). The space ID is a 
Hilbert space in the norm 

I 11 B(z)lW II 1+11(2)11® . 
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Overlapping spaces are examples of Il(^) spaces. If j2 f(z) is a power 
series with operator coefficients which converges in the unit disc 
such that 


Re j2^(w) =s -I ( J2f(w)+ 0(w)) > 0 


for j w[ ^ 1, then a space H(b) exists (which is called corresponding 
space), where 


B(z) 


1 - 0 z) 
1 + 0{z 


Iiet 1L{0) be the set of power series l(z) with -vector coefficients 
such that (1 +B(z))i(z) belongs to H(b). Then IIL(0) is a Hilbert 
space in the noim 


l|l(z)ll =|l(l.B(z))l(z)l|3 . 

M0) 

Ihe transformation l(z) — ^ 3- . ( ^ ) , ^3 defined over IL(0) into 

IL (0 ) and has isometric adjoint. She elements of ID (0 ) are convergent 

1 (S(z) -+^(w) 

power series in the tmit disc. Ihe series •;7 rA m / ^ belongs 

^ 1 — zw 

to 3L ( 0 ) whenever c'^in 5 and |w|< 1, and the identi-ty 


c l(w) = < l(z), 


X 

2 


0(z)+ 0(w) 
1-2W 


0 > 
IL(0) 


holds for all elements l(z) of HjC^) . Ihe result of Iheorem l( [7 1 ’,p.125) 
states that a space 2j(0) is overlapping space of some H(b), if and 
only if, IL(1-0) exists and the polynomials which belong to]L(l-0), 
form a dense set in Ii(l-0). 
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EKtension spaces IE(0) of IL(^) are introduced in Sheorem 10 

( [6 ] 5 p*37f)* The transformation in IE (0) corresponding to 

l(z) IIj(jZl),is unitary and so the study of IB{0) 

spaces simplifies the study of l!j(0) spaces* ibr further details of 
m{0) spaces, one can look into the papers of de Branges ( [s 1 ,[9 3 ). 

1 ,4 Eactorization Iheorems 

'Tiinngh many factorization theorems for operator-valued analytic 
functions are available for serveying,but we mention here some references 

Whi'cb (jrf I. 

and results of the factorization theory ^an^ogous to soms known results t 
H^- functions (l< p< oo). In particiilar, we are interested in the 
factorization theory of bounded functions in the unit disc* A good deal 
of theory of H^-functions is given in the book of Hoffinan [15]. Eor 
operator— valued functions theory^ one can look into the papers of Iax[ 17 3, 
Sarason [21 3, de Brangs and Rovnyak ([ 6 3,[ 7 3), Sz»-Nagy and 
Eoias [243 • ^ factorizations of a bounded (by 1 ) analytic function 

B(z) in the unit disc, we mean to factor B(z) into A(z) and C(-z) such that 
H(a) and H(g) are non-null spaces. To indicate ti» nature of the 
factorization theoiy which is of interest to us, we quote a result of 
de Branges ([6 3> p. 355), which is also used in Chapter 4» 

let E(z) be an analytic function in the disc of radius a> 1 
about the origin such that 1-P(z) assumes completely continuous values 
only y and P(w) has dense range for some w, j w | <1 . Baen there exist 
projections i=1 ,2,...,n of finite dimensional ranges such that 


(1.4.1) 


E(z) = (l-P^+P^z)....(l-Pp+P^z) g(z) 
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for some analytic function G-(z) such that Cj(o) has an operator inverse. 

It can be seen that the points, where i*(z) (defined by (1.4.1 )) 
fails to have operator inverses, are isolated, but in general, it is not 
true if no completely continuous hypothesis is made, in example of such 
function can be constructed by applying the result of the Oheorem 13 
( [ 13 ] 5 p* 74) (for a contraction operator which does not have discrete 
spectrum). So the study of operator-valued analytic functions is 
essentially different from that of complex analytic function theory, H(b) 
spaces theory can be used as a tool in factorizations of operator-valued 
functions. 


1 .5 Invariant Subspace s 

"Does every bounded linear operator defined in a Hilbert space 
posses a non- trivial invariant subspace "is among the fundamental 
problems of operator theory which are yet to be answered. Ihere are 
infact many ways to strike upon this problem but the method which is 
of interest to us, is to find first its uniterily equivalent 
transformation (canonical model) in some known Hilbert space and then 
to test the existence of the invariant subspaces of equivalent 
transformation in the known space. Such canonical models of the given 
transformation are available in the papers of Beurling [ 2] , Rota [ 18] , 
Sz.-Ragy and Roias [ 25] . They also show that the problem reduces to 


factorizations of bounded operator-valued analytic functions. In fact, 
the problem can be reduced to the factorization of B(z), when the 


multiplications by B(z) and B^(z) are isometric transformations in S (z).It 
equivalent to determine closed subspaces of H(b) which contain 
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alongwith f(z). In general, it is not yet known but if some 
restrictions are imposed on coefficients of B(z)(e.g. 1 --B(o)3(o) 
is completely continuous )it is possible to have non-trivial factors. 

Bor detailed study of factorization theorems and invariant subspace 
we can refer to the books [24 3 and [13 ] . 

Work iresented in the jfchesis 

The present thesis can be divided broadly in three parts, 

(a) characterizations of certain Hilbert spaces of power series^ 

(b) factorization theorems for operator-valued analytic functions and 

(c) applications of factorization theorems in proving the existence 

of invariant subspaces of linear transformations on Hilbert spaces under 
certain restrictions. We give chapterwise,a brief skech of the work 
presented in the thesis. 

In Chapter II, H^-space of complex-analytic functions is 
chracterized,. An alternative proof of a characterization of S(z) is 
given and s(z) is studied in the light of reducing subspaces of the 
transformation f(z) — > 

z 

' Chapter III mainly consists of seme characterizations of H(b) 
spaces when the equality is not attained in (1.2.4). firstly, we 
assume S to be 1 -dimensional and later on, any finite dimensional space. 

We begin Chapter IV by extending some properties of e(o) in 
H(B)^forthe transformation defined by (l.2.10) in ID(b). We give some 
factorization theorems for B(z) when h(b*‘) does not contain any 
element of the form B^(z)c for any non-zero vector c.We also study 
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analytic continuation of b(z) across the vmit circle in the light of 
the spectrum of e(o). Hie chapter ends with investigations of SLaschke 
products for operator -valued analytic functions in the upper half plane. 

In the last chapter, we use factorization theoreirs for proving 
the existence of invariant subspaces of bounded operaters. Ihe main 
result says that a contraction operator T defined in a Hilbert space 
has a non-trivial invariant subspace unless iP' and do not converges 
strongly to zero together as n -*oo . 



CHAI’TER II 


SOME CHARACIERIZACTQITS OP SPACE S (z) 


2.0 Summary of the cha ~Dter« Hiis chapter deals with some characterizations 
of the «pace S (z) which consists of formal power series whose coefficients 
are vectors belonging to a fixed Hilbert space S (which may be finite or 
infinite dimensional). In Theorem 1, the existence of zeros of functions 
contained in the space, is used to characterize the space. Bor this case 
the coefficient space is taken to be 1 -dimensional. The extension of this 
result for vector-valued functions is given in Theorem 2. In Theorem si 
different proof is given to generalize and extend the result of Theorem 14 

( C 5 3^ p. 38). In lemma 1 , a brief account of the spectrum of the 
transformation f(z) — ^ defined in S(z), is given. It is 

also shown that there is no non-nxill reducing subspace of the above 
transformation such that the spectrum of the restricted transformation, is 
a proper subset of the spectrum of the given transformation. This property 
has been used in Theorem 4 to construct a model of the above transformation 
defined in sCjz). dhe chapter is ended with a corollary which exxends a 
res\iLt of A. Beurling {2 ] . 

2.1 ^Ojerties of S(z) ; If the coefficients of power series in S (z) 
are complas numbers then 5(z) turns out to be a wellknown space E? 

(Ha rd.*- ^pace). let U be the unit disc in -the complex plane. The Hardy 
class is a Hilbert space of functions analytic in H such that 
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( 2 . 1.1 ) 




lim M-(r;f) < oo , 
r-l- 


where I^(r;f) = f [ f(re^ ) |^ de) ® 

■“TC 

We give here some elementary informations ( [20 ] ; p* 332) about H^-space, 
which are used in this chapter. 

(a) Aq analytic function f(z) = (z in U) belongs to if and only 

if, S I < 00 ; in this case 


(2.1.2) 11^(2) [|g2 = ( )® . 


(b) If f(z) belongs to i^-space then f^ (e^^ ) = lim f(re^® ) 

r-»1-' 

2 

exists almost everywhere on T (the boundary of U), f* belongs to 1 (t); 

the Etourier coefficients of f* is a for n>0 and is 0 for n<0. 

n — 

(c) The function f(z) is Cauchy integral of f*, i.e. 


f(w) 


1_ 

2% i 


/ 

r 


f*(z) 

z-w 


dz 


t 


where r is a positive oriented unit circle. 

(d) Since rr -^ — belongs to H^-space whenever [w| <1, so 


or, 


(2.1.3) 


f(w) 


1 

271 


% 

I 

-11 




f{») = < tM, 


Therefore^ t(z) — ^ f(w) is a continuous linear functional on 
complex nmber w, |w| < 1 , 


for all 
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2.2 In this section we characterize a Hilbert space whose elements are 
power series with complex coefficients. 

THEOREM 1 . let H be a non-null Hilbert space of power series which respresent 
complex -valued analytic functions in the unit disc and satisfy the following: 

(I) For every cc in U, multiplication by - takes H isometrically 

2 - a 

on to H. 

(II) For all cc in U, f(z) — > f(a) is a continuous linear functional on H. 
[Chen the space H is isometrically equal to S (z). 

It is an easy verification that (l) and (ll) are also necessary 
in S (z). The existence of (ll) follows from (2.1.3) whereas (l) can be 
verified directly from the definition given in (2.1.1). It can be observed 
that the codimension of the domain of multiplication transformation is 1, 
and the adjoint of the multiplication transformation is an isometry on H. 

Proof ; Because of (ll), for every complex number w in U there exists a 
unique element k(w,z) in H such that the identity 

(2.2.1) f(w) = <f(z), k(w,z)> 

holds for all elements f(z) of H. We prove the theorom by showing that 
k(w, z) = w in U. If a is in U, the inequality 

k(a,a) =<k(a,z), k( a ,z) > ^0 

follows from non-negativity of the innerproduct. We assert that k( a ,a )> 0 
whenever \ a\ < l . Indeed, if k( a , a ) = | k( a ,z)l|^ = 0 then k( a , 2 ) =0 
which implies that 


f(a ) = < f(z), k(a ,z)>= 0 
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i -oTT ry 

for every f(z) belonging H. (l), f(z) belongs to H whenever 

2 (X 

f(z) belongs to H, Repeating the same arguement, f(z) belong 

to H. induction, r j f(z) belongs to H for all m=0,1,2,... 

As f(z) is an analytic function, so it can vanish at a , arbitrary many 
times, if and only if, f(z) = 0. But then H has no non-zero element 
which contradicts the hypothesis that H is non-null Hilbert space. 
Iherefore k( a ,a ) >0 for all a in U. 

1- ttz 

Let be the transformation of multiplication by defined 

on the closure of functions which vanish at a . Since has a partially 
isometric extension on H and its range is whole of H, hence (the 
adjoint of ) is an isometric transfornation defined on H. lEherefore 


S* : g(z) g(z) , 

and 

< g(z)>= <f(z), g(z)> 

whenever g(z) belongs to H and f(z) is an element of H which vanishes at a . 
In particular, if g(z) = k(w,z) for some w in U, then 


< f(z) , Hvi,z) > = < f(z), k(w,z) > 

1 -aw 


w-a 


f(w) 


1-wa y \ ^ ^ k( a,z)k(w,oc) v 

= f ( ^) ,!=(», 2)- ,g S ' ' > • 


Therefore the identity 

< ^ m >= 0 


holds for all elaaents f(z) of H which vanish at a. As the element 
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z~ g 
l-TTz 


k(w,z) 


1- g w 
w -?r 




vanishes at a , so we can concliide that 


z-» g 
1 -g z 


k(w,z) 


1- gw 
w- 


f , . k(a ,z)k(w, g) \ 

■ kTST^rt^; 


0 


Bie above identity can be written as 


(2.2.2) k(w,») (1.^^) . 

(1-Iaj ) k(a , g ) 

An immediate observation is that k(w,z) = satisfies the above 

identity for all w in TJ. We show that k(w,z) is uniquely determined 
from (2.2.2). If k.|(w,z) also satisfies the identity ( 2 , 2 . 2 ), then 
by (2.2.1), 


k^(g ,w) =< k/g,z), ^^>and =<j^,k/g,z)> 


It implies that k.j(a ,w) = . Since w in U is arbitrary, it follows 

that k.,(w,z) = "i e-' - . The theorem now follows by observing that the 

1 ' ’ ^ 1 -W3 

finite linear combinations of k(w,z) for different w in U form, dense 
sets in S(z) and H both and have the same norms, which iaplies thac H is 
isometrically equal to S(z). 

The result of Theorem 1 can be extended when $ is arbil^ary 
dimensional space. By a zero of a vector— valued analytic function, we 
mean a point where it assumes the null vector. Such points are isolated 
( [ 14 ] 5 Theorem 3. 11 . 5 ) . 
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OaiEOREM 2 : Let H be a non-null Hilbert space of vector-valued analytic 
jfunctions in the unit disc. If, 

(i) for every complex number cc , '1'^® transformation f(z) — > f(a) 

defined on Hjis bounded and has dense range in S y 

(ii) whenever f(z) belongs to H and has a zero at a i^ ill® unit disc, 
the function f(z) ~ — is in the space and has the same norm 
as f (z) , 

(iii) the function f(z) belongs to H whenever f(z) belongs to H 

, and |a| < 1 , 

then H is equal isometrically to •S (z) with coefficient of its 
elements in S . 

Proof: Ihe theorem can be proved on the lines of the proof given for 

Theorem 1 . 

2.3 The result of this section generalizes and extends the result of 
Theorem 14 ( [15 ]> p 38), where the coefficient space is 1 -dimensional* 

Our approach is also different from tiat used for Iheorem 14. Instead of 
showing the denseness of polynomials contained in the given space, we compute 
the reproducing kernels directly from the lypo theses. This result is 
oJso the converse of problem 68 ([ 5 p. 34). 

THEOREM 3 : Let H be a non-null Hilbert space of formal power series 
with vector coefficients belonging to a fixed Hilbert space S , Let the 
transformation f(z) — ^ £■ ( . —) defined in H and its adjoint be 
given by f(z) — •> zf(z). Then H is isometrically equal to S(z) whose 
coefficient space 5^ is a closed subspace of S . 
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Proof: Let T; f(z) — ^ ~ ^(£l -^q -fjjie given transfornation and 

2 

S ^ be the range of (l-T*T) in H. Since (I-T*T) T°'f(z) = where 

f(z) = £ a z^, S contains all coefficients of elements of H. Ve define 
a new norm on S^, which is given by [[f(o)|j = j f(o)| . This is a well- 

defined norm and does not depend on the choice of f(z) and depends 
purely on the initial coefficient. Since is a subspace of Sj there 
exists a partial isometry on S onto Without loss of generality it 

is assumed that is contained isometrically in $ . 'Hierefore, 

< f(z), c > = <a^T f(z), c > + < f(o), c > 

= 0 - 1 ( 0 ) 

for all f(z) of H and c of and the identity 

2 

(2.3.1) II . I f(o)|2 

holds for every elements f(z) of H. Therefore, if f(z) = 2 is in H, 
where a is in S for all n=0,1,2,... then 

Adding such relations for m=0, 1 , 2, . . . jnj we get 

00 2 2 

Because of the arbitrariness of n, it follows that £ ja^j 

So H is contained in oome S (z) whose coefficient space is S ^ and the 
inclusion of H into S (z) does not increase nonais. 
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Since j(o):f(z) — ^ f(o) Is a continuous (it follows from 

(2.3.1) ) transformation from H into a n d T is bounded by 1, the 

series f(w) = £ w j(o)l f(z) is conrergent whenever lwj<l,and 

nts 0 

so j(w):f(3) f(w) is a continuous transformation on H into for 
every complex number w, |w| <1. Its adjoint transformation is defined 
on Sinto H and is of form, j(w)*«c k(w, z)c for some power series 
k(w, a) with operator coefficients. If f(z) is in H, then 

(2.3.2) ^f(w) =< f(z), k(w,z)c> 

for all complex numbers w, | wj < 1 and c inS . We now compute the* form 
of k(w,z). 

E'er each vector e when jw| <t, 

(2.3.3) c ^ k(w,z)c > 

and 

(2.3.4) F (f(w) - f(o)) = <f(z), (k(w,z) - k(a,z)) c> 

are equalities which hold for all f(z) of H» Comparing them, we 
obtain the identity 

< f(z), (k(w,z) - k(0,z) - wz k(w,z)) 0 > = 0 

which holds for all f(z) of H. Since c and f ( z) are arbitrary, we have 

k(w,a) - k(0,z) - wz k(w,z) s 0 
or, 
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Again by the hypothesis of the Theorem, 

< f(2) r-^ , (0» - Qi c > =< zf(a), k(0,2)c> = 0 

Z 

for all f(z) of H and c of S« • So ]£(0,z) « k(o,0) is a constant 
function. Since 

0< F k(o,0)c = <k(0,z)c, k(o,z)c> =<k(0,0)c, k(0,0)G > 

for all c in S , hence k(o,o) is a projection in S onto a closed subspace 
of 5^. Since for all f(z) of H 

F f(o) =<f(z), k(0,z)c>, 

and is contained in H, hence the range of k(0»0) is whole of S^. !Ehus 

c f(w) =< f(z), r—r— > 

1-wz 

whenever f(z) is in H, c in |wj<1. Now the proof is completed 

if we use the arguments given for Theorem 1 « 

2.4 How we Study the reducing subspaces of the transformation 

f(z) — T defined in S(z). 

z 

LEMMA. 1^ . There exists no nontrivial reducing subepace of the 

transformation f(z) — > ?S9 A. defined in S(z) such that the 

z 

spectrum of the restriction of the transformation on the reducing 
subspaee^is a proper subset of the spectrum of the given transformation. 
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Proof . ELrstly, \<ie discuss the spectrum of the giren transformation 
(say T) in S(z). Since for a closed transfoimation T, ^ belongs to 
the spectrum, if and only if, either the dimension, of the kernel of 
(T - ^l), > 0 or, the codimension of the range of (iT - ^l),> 0, hence 
the spectrum of T coincides with the open unit disc. The boundary of 
the unit disc forms the essential spectrum of T» (Essential spectrum is 
the set of points X such that either the range of (T- XI) is closed, or 
if the range is closed then the dimension of the kernel and codimension 
of the range of (T- Xi) are not finite). It is also seen that the closed 
span of eigen-yectors is whole of 5(z). 

Secondly, ve characterize reducing subspaces of T. Let M be a reducing 
subspace of T. Then f/ (b) for some power series B(z) with operator 
coefficients such that the multiplication by B(z) is a partial iscmetry 
in ^(z). Since b(z)c belongs to M for eyery yector c in S , hence 

.^( z) b(o} ^ belongs to M(b). But by the definition of S (z), c 

is orthogonal to m(b) , which means that b(z) = b(o). Therefore M is a 
subspace of siz) whose elements have coefficients in the closure of the 
range of 1 -b(o)'S(o) , Infact, this proyes that there exists one-one 
correspondence in the reducing subspaces of T and the closed subspaces 
of S, The Iiemma now follows as it is easily seen that the restriction of 

f(z) — > on ,\{ will haye same spectrum as that off(z) -> 

in S(z). 

following corollary is a direct consequence of the Lemma. 
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COROLLARY ; iEhe transfomation f(z) — > in 5 ( 2 ) has 

no non-trivial reducing subspace if the coefficients of the elements of 
s(z) are complex numbers » 

2 A Let be a continuous linear transformation defined on a 

Hilbert space into itself, k=s1,2. OIhe transformations and are caljed 

Cl, 

unitarily equivalent if there exists^unitary transformation U such that 
U!E,j= TgU. As U preserves structural properties, it is possible to study 
a transformation in terms Tg which can be described explicitly. An 
use of such a model was shown by A, Bexirling [2 3 , and its vector 

generalization was given by de Braages and Rovnyak [6 3 . We follow their 
approach in the following characterization of sCz)* 

IHEORM 4 . Let H be a Hilbert space and I be a bounded transformation 
on H into itself such that its adjoint is isometrio* Assume that T has no 
non-trivial reducing subspaoe such that the spectrum of the restriction 
of T on the reducing subspace is a proper subset of the spectrum of 1. 

!I!hen H is isometrically eq\aal to S(z). 

Proof ; We can take for granted that there is no non-zero element f in 
H such that jj ir'^f j| « jj ns«1,2,3,».. Otherwise, if f-' is the 
closed span of such elements, then obviously f.' is invariant under T, 

As T* is isometric, so H reduces T. Ihe restriction of T on M is a 
unitary transformation. It is wellknown that a unitary transformation 
has reducing subspace for which the spectrum of the restricted 
transformation is an arbitrary closed proper subset of the spectrum of 
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the given transformation. But this contradicts the hypothesis, 
so M must be the null space. 

Let S be a fixed Hilbert space whose dimension is not less than 
the dimension of the closure of the range of in H. Ehereforo 

by Theorem 1 ( [6 ] •, p . 347 ) T is unitarf^ equivalent to the transformation 

f(z) — > ) in some Hilbert space of formal power series 

whose coefficients belong to S, such that the identity 

(2.4.1) II iill^ ||2 , ||t(,)||2 . |f(o)|2 . 

holds for all element f(z) of ¥e use T to denote the above 
transformation in (2.4.1), the transformaton f(z) — ^ f(o) is 

continuous from into S. Purther, as (1-wt) ^ is a convergent power 
series in the operator algebra of S whenever [w| <ll, so f(z) — ^ f(w) is 
also continuous transformation into S for each complex number w, j w j<1. 

Thus consists of power series which converge for each w, | wj < 1, It 
follows from the section 1.3 that H^=]l( 0) for some power series p(z) whose 
coefficients 0).retacirs such that Re 0(w) > 0 when jwj< 1, 

We suppose that polynomials contained in IL(0)form a dense set 
in Il( 0) .Infact , if IL is the orthogonal complement of polynomials 
belonging to lCi(0) then IL is a closed subspace of Il( 0) which reduces 
T because its orthogonal complement is invariant under as well as T^ 
both. Let g(z) be an element orthogonal to the range of T^ contained inIL*. 
Then, 

0 = <g(z), r*f(z)> = < Tg(z), f(z)> 

IL ]L 
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for all f(z) of ID, implies that Tg(2)=0, i.e., g(z)=g(o). But as 
non -zero -r, / \ / \ 

there is no^ constant vector in JL , g{z)=g{0)=0, Qhis shows that t.ie rmge 
of restriction of T on IL is whole of IL, which means that restriction 
of T is unitary in IL . The arguement used in the beginning of the proof 
shows that IL is the null space. Thus we arrive to conclude t'ict .olynomials 
contained inIL(0) are dense in IL(0). 

If (2.4.1) is applied to all polynomials ofIL(0)we get that the 
polynomials are contained isometrically in S(z) whose coefficient space 
is 5 . Thus IL ( 0) is a closed subspace of S(z) and the coefficients of 
its elemenis belong to the isometric isomorphic image of the range of 
(1-T^T) in S . As IL(0) contains and zt(z) both, whenever it 

contains f(z) so by Theorem 3 of this chapter we conclude thatlli(0) is 
equal to some 5 (z) and its coefficient space has dimension greater than 
or equal to 1 . This completes the proof of the Theorem. 

COROLIABY ; In Theorem 4, T has a non-trivial reducing subspace, if 
and only if, the coefficient space of5(z) has dimension greater than 1. 

The corollary follows from lemma 1 and the proof of Theorem 4. 

ilpplication here shove that a Theorem of A. Beaurling [2 ] , can 
be obtained as a corollary of our Theorem 4* 

Theorem (Beurling ) . If T is a linear transformation on a Hilbert space 
H into itself such that 

(a) the eigenvectors form a fundamental set in H, 

(b) ll-o as n-* 00 for all f of H , 

( 0 ) llT*f||= l|f|, 

(d) atleast one eigenvalue is simple 

then H is isometrically equal to sCz) with complex coefficients. 
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cmracihiiz^tiqcts op h(b) spaces 

Sunmary of the chaptfar ; As the title suggests, the chapter mainly 
consists of characterizations of h(b) spaces. In the first section, 
the case when the coefficients are complex numbers, is taken and h(b) 
is characterized when the power series b(z) belongs to it. In the 
second section, the result concerns with characterizations of H(b) 
spaces when the coefficient space Sis finite dimensional and H(b) 
contains a non-zero element of the form b(z)c for some vector c. 

3*1 The following known result (t 6 3 jp*350) is given an alternate 
proof. 

LIMMA 1 i Let B(z) be a non— zero power series with operator 
coefficients. A necessary and sufficient condition that the identity; 

(3.1.1) = iu(.)|| 2 - U(o)i^ 

holds for every element f(z) of H(B),is that H(b) does not contain 
any non-zero element of the form b(z)c for any non-zero constant c. 

_]^oof: This is obtained as a corollary to Theorem 13 ( ] j p. 354) which 

states that the transformation f(z) — > f(z) defined on H(B*) into 
H(b) is an isometry, if and only if, there is no element o? 'che .Lorm 
B(z)c in H(b) for any non-zero constant c, where 





c ^(w) =< f(z), 

Beside this it also states that iff(z)-**^ £(2) then (zf(z) - 

i 

B*(z)f(o)^ — > slr . f (Q) ujjfler this transformation. Let ID(b) 

be the extension space of h(b). Since f(z) — > (f(z),f(z)) is an 
isometry into ID(B*), and for erery f(z) of H(b) there exists a 
g(z) in hCb*") such that f(z)=g(z), we have 

II f(^)|l^ = llg(-)ll|»= 11 (gU),fW)ll'j,(B.) 

= II (z;g(z)-E*'{e)f( 0 ), )jj j»^.lr(o)l ^ 

= 11 hh^||2^1f(0)| = 

for all elements f(z) of h(b), if and only if» there is no non-zero 
elanent of the form b(z)c for any vector c. Hence the Lejnma. 

(5*1*2) In this section, the coefficients of the elements of H(b) 
spaces are complex numbers. A characterization of H(b) spaces which 
do not contain b(z) as a non-zero element was given by de Branges and 
Eovny^ ([53 5 p, 39)* We obtain here similar results when h(b) 
possesses B(z)as anon-zero element. 

1 H.S 0 HM 1 ; Let H(b) be a given space such that B(z) belongs to H(b)* 

Ihen and Zf(z) belong to h(b) whenever f(z) belongs to H(b) , 

and the identity 
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(3.1.3) llf(z)ll|- H. ^L? . ) . -f(0) n|^ jf(0)l^+l< f(z),e(z) 


B' 


holds for all elements f(z) of H(b), where e(z) is some fixed element 
ofH(B), 


Broof : For simplicity, we drop the suffix B. By the definition of 
H(b) spaces , 


Ttf(z) — » 

z 

is a bounded linear transformation in H(b) and its adjoinb 


!r*J f(z) — ^ zf(z) - B(z)<f(z), > , 

Since B(z) belongs to H(b), we note that zf(z) belongs to H(b) for 
each f(z) of H(b). We also note that 

(3i1.4) (1-T*T): f(z) f(0) + B(z)< Tf(z), TB(z) > ^ 


and 


< Tf(z), TB(z)> =< T^Tf(z), b(z) > 

= < f(z),B(z)> -f(0)< 1 ,B(z)> 

-<Tf(z), TB(z)>jlB(z)il^ , 


or, 

< Bf(z),TB(z)> (l + l|B(z)jf ) =<f(z), B(z)>-f(0) 

( < 1-B(z)b(0),B(z)>+ B(0) ||B(z)jj^) 
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or, 

< TfCz), TB(2)> = - B(0)f(0) 

(1+11=(")|I ) 

on using ( 1.2.9 ), Substituting in (3,1.4), we get, 

(l-lfT): f(ii) — > (l-B(2)B(oS)f(0)+B(zi) > . 

(l+l|B(2)ir) 

33aeref ore , 

llf(2)ll^-l|Tf(2)|l^= f(0) < (l-B(2?B(0),f(2) >-^ 

(i+||b(z)11 ) 

(i+11b(2)ii^) 

Theorem 1 follows with e(z) * ,,,, ^ , 

(1+llBWll^f 

We show that the hypothesis of ‘Theorem 1 is also sufficient. 

'IHBOEM 2 ; Let IS be a Hilbert space of power series such that 

and zf(z) belong to IH whenever f(z) is in JI. Asstnae that 
the identity 


(3.1.5) |lf(2)l|^-llf“h-^^-5i||2 . |f(o)|^l<fC2),e(s)>f , 

holds for all elements of E, where e(z) is some fixed non-zero element 
of E with j[ e(z) jj < 1 . QJienE is isometrically equal to some h(b) such 
that b(z) is a non-zero element of H(b). 
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Proof: Let T and M denote tlie linear transformation f(z) — > — ^ 
z 

and f(z) — p zf(z) in H, respectively. The identity (3*1*5) implies 

that T and M are bounded by 1 and ^ 7r~i respectively. 

(1-11 e(^)ll^)^ 

Since MT f(z) = f(z)-f(o), it follows that f(o) belongs to IH 
and in particular, 1 belongs to Hi* If we write b(z)= 

for some element B(z) of the identity (3*1.5) can be written as 


(3.1 .6) 


< f(z),g(z)> -< !]}f(z), !rg(z)>= f(0)i(o) 


(i+I|b{z)|P) 


for all f(z) and g(z) in Hi. Iherefore, 


(3.1.7) < f(z), 1 > == f(0) + ^ 

Cu|1b(2)|i") 


Putting f(z) = B(z) in (3.1.7), we have. 


B(0) = 


< B(z), 1 > 


(l + llB(z)il^) 


Therefore, from (3.1.7), we get 


f(0) = < f(z), 1-b(z)b(o) > 


for all f(z)in E,Tidiich implies that J;f(z) — ^ f(o) is a continuous 

n n / 

linear functional onIH. Since T is bounded by 1 , E w T f(zj 

0 

converges in the metric of H whenever f(z) is inlH and (wj < 1. 

CO ^ ^ 

Because J is a contraction, the series f(w) = 2 w j(t f(z)) converges 

0 
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when jwj< 1 . Ihis implies that j(w);f(z) — f(w) is a continuous 
linear functional onlH for all caaplex number w, | wj < 1 . Therefore 
there exists k(w,z) in]H such that 

(3.1.8) f(w) =< f(z), k(w,z) > 

for all elements f(z) oflH, when jw|< 1 . 

Using (3.1.6), we have, 

(3.1.9) < f(z), TB(z)>=< aiilf(2), TB(z) > 

== < Mf(z), B(z ) > 

(1+ llB(z)ll^) 

for all f(z) tnIH. We now compute [^with tha aid of (3. 1 . 6 ) anl 0*1 * 9 )* 
Thus 


< T*f(z),g(z) >= < aMf(z),Tg(z) > 

(i+iiB( 4 ir) 

= < Mf(z),g(z)>- «f(z),TB(z)> B(z),g(z)> , 

Therefore, T^: f(z) ' — '> zf(z)- < f(z), TB(z)> B(z). 

Since, < f(z), k(w,z) > = f(w) 

= ,(o) * , 

=< f(z), 1 -6(2)11(0) > +< Tf(z),w k(w,z) > 


=< f(z), 1 -B(z)l(o) + w T%(w,z)> , 
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for all elements f(z) of'H, we get 


k(w,z) = (1 -B(z)b(o) + w T*k(w,z)) 


= (I-B(z)b(o)) + wzk(w,z) -w<k(w,z), IB(z)>B(z)) 


(l-zw) k(w,z) = (I-B(z)b(o)) -w ?vw)^BCp/ . 


k(w,z) = 


t-BUmw, 

(l-^) 


Thus , we have shown that if 1 w 1 < 1 , belongs to E and that 

* ‘ (1-zwj 


f(w)=<f(z), > 

1 ~zw 


holds for all f(z) in E. Taking f(z) = 


i-bu;biw, 

(l-wz) 


, we get, 


< [1 1~B z)jB(w) ii 2 ^ 1- |b (w)1^ 


1- Iwi 


It follows that, Jb(w)|< 1 whenever |w|<1. Therefore a space h(b) 


exists. iSsr (1.2.9), belongs to H(b) for all complex 


(l-zw) 


number w, |w[< 1, and 


f(w) = < f(z), 


l-BCzJB(.wj ^ 
(l-wz) B 


for all elements f(z) of h(b). The Theorou now follows as the finite 
linear combinations of elements of the form k(w,z) form dense sets and 
have equal norms in E and H(b). 
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We now generalise the identity (3*1 *3) and obtain analogues 
of problems 87, 88 and 89 ( I 51 ; p.46). 

QOROHiORY .1 : Let H(b) be a given space such that B(z) belongs to H(b). 

Then 

f(a ) g(p ) + 2< > < B(z), > 

= (f(z)Og(z)) + a ( - 1 O'g(z)) 

Z“a ' 

* ? (f(.) 0 ) 

- d-aS ) ( > 0 ) 

' z- a z- p 

for all f(z) and g(z) in H(b) when jaj^ 1 and j^j < 1, where 

% 

Cf(a)Og(z)) =< f(z),g(z) > _ p < f(z),E(z) > ,<^ bCz)» s(z) >_' 

® (i+I1bW1Ib) 

—1 

Proof ; We drop the suffix B. If we note that R(a )=E(o)(l-a R(o)) 
for all a , l(x|< 1, the identity can be reduced to the following foim. 

f ( )g( ? )= < 2 a^(o)“f(z),g(z)> 

0 

-<E(0) 2 a“R(off(z), R(o) 2.^\(org(z)> 

0 '0 
00 00 

+< S aMoftM, s fi“H(o)“s(^) > 

° 1 

1 m -- 

2 < f(z),B(z)><B(z), £ e ^^^(Org(z) > 

(l + llB(z)f) 0 
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We now generalise the identity (3*1*3) aod obtain analogues 
of problems 87 , 88 and 89 ( I 51 ; p.46). 

COROLLORY .1 : Let H(b) be a given space such that b(z) belongs to H(b). 
Ihen 


f(a ) g(p ) + ,< >B< Biz), 



z-p 



= (f(z)Og(z)) + a ( 0/g(z)) 

Z” a ' 

+ f (f(z) 0 ) 

- (1-ae) ( 0 ) 

' z- a z- p 

for all f(z) and g(z) in h(b) when jaj^ 1 and ^ 1, where 

« 

(f(z)Og(z)) =< f(z),g(z) > P < f(z),B(z) > X B(z), g(z) > ' 

® (l-llB(z)ll|) 


Proof ; We drop the suffix B. If we note that R(a )=R(o)(l--a R(o)) 


-1 


for all a , |a|< 1, the identity can be reduced to the following fom* 


00 


f ( oc )g( P )= < 2 a^(o)“f(z) ,g(z)> 
0 


CD 


-<R(o) S a“ R(0)“f(z), R(o) S .^\(0)'^g(z) > 
0 '0 


CO 


CO 


+ < S a^(o)'^f(z), X p™R(o)™g(z) > 


(14-11 B(z)l") 


■i 

< f(z),B(z)><B(z), Z e“'R(0)'^g(z) > 

^/ \\\ ^ \ Q " 


CD CD 
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If f(z) = g(z) 

n— m 

of a , we get 


£b z“ 


then by eq^uating the coefficients 


Vm- - < E(0)“*V(z), E(0 g(^) >-<E(0)“f(»), S(0)“g(z)> 


- ^ j- < E(0)“f(K),s(z) >< b(z), E{org{2)> 

{1+ lB(z)l ) 

which follows from (3*1*3) for all f(z) and g(z) in H(b) and integers 
n > 0^ m ^ 0. 

COROLIORY 2 ; Let H(b) be a given space containing b(z). Then 


, b(z)-b( g) b(z)-b( P ) ^ i-b( a)B( 

z-a ’ z- p ^B 1-00 


o'P 


(l+llBlp)(l-CX^) 


1 ^ , 3(.) . 1 




Proof; Putting f(z) = g(z) = (I-B(z)e(o)) in Corollory 1, and 
simplifying , we get the result of corollory 2 . 
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3.2 A characterization of H(b) spaces over an infinite dimensional 
coefficient space Sj is given in (Eheorem 11 ( t9l 5 P*l71-)» 'bliis 
section, we obtain a similar characterization for the remaining case, 
i*e. when S is finite dimensional. In theorem 3) the necessity of the 
hypothesis is shown whereas the sufficiency is obtained in theorem 4. 

As the same pioofs work in the case of infinite dimensioniiL coefficient 
space, there is no bar on the coefficient space. 

IHBQBRM 3 ; In a given space H(b), the sum of the dimension of the closure 
of the range of (I-R(o)e(o)*) and the dimension of the closed span of constants 
c such that 

(3.2.0) sup (^|c.f(0)l' -^11 <". 

where the supremum is taken over all elements f(z) of H(b), does not 
exceed liie dimension of the coefficient space. 

Iroof; If the coefficient space is infinite dimensional, the theorem 
follows trivially as the dimension of H(b) space does not exceed the 
dimension of S (z) which has the same dimension as that of the coefficient 
space. So we assume that the given coefficient space is finite 
dimensional. It follows from (1.2.5) that 

(I-E(o)r(O)*): f(z) — > f(0) 

for every element f(z) of H(b)> where f(o) is a vector defined in 
Hence the dimension of the closure of the range of (1 -r(o)r(o)*) does not 
exceed the dimension of the closed span of vectors of the form f(o)* 
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It is verified from the hint given ±a Irobl<aii 81 ( [51 > p*45) 

that a constant o satisfies (3*2. 0), if and only if, C3fB(o)a for some constant 

a such' that a » 0. In that case, af(o)=0 for every 

z 

element f(z) of h(b). Hence the dimension of the closed span of 
consteints which satisfy (3*2. o), is not greater than the dimension of 
the orthogonal complCT.ent of the constants of the form f(o) obtained by 
(l.2.6 ) for every element f(z) of H(b). !Ebiis completes the proof. 

THEOREM A i Let H^ be a Hilbert space of formal power series with vector 

coefficients such that the transformation H(o);f(z) ig 

defined in H ,and 
o 

< 11 ^Wll 0 - 

whenever f(z) belongs to H^. Assume that the sum of the dimension of closure 
the range of (I-s(o)r(O)*) and the dimension of the closed span of 
constants c such that 

(3.2.1) sup lo+f(o)|^ +11 - ||f(3)ll2 <00, 


where the supremum is talken over all elements f(z) of does not 
exceed the dimension of the coefficient space. Then H^ is eqToal 
isometric aUy to some H(b) space. 

Proof: The proof generalizes the proof of Theorem 6( C61» p* 351) and 
extends the result of Theorem 11 ( t9l ; p.l7l)* Lei f(z) = te 


in H . If we define f (z)=f(z), 
o o' 

= -2 ^ for n«0,1,2..., 


then 


llViWllo <ll*Wllo-l%l' 
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for al T n^O. the arbitrariness of n, it follows that f(z) belongs 
to S(z) and jjf (z) | j < IjfCz) Therefore is contained in S(z) 

and the inclusion of in S(z) does not increase norms. Since 
f(z) — ^ f(vv) is a continuous transformation on S(z) intn S for all 
complex number jw j ^ 1 j hence f(z) — ^ f(w) is also a continuous 
transformation defined on into Sj whenever jw| <1. 'Ihe adjoint 
of the above transformation takes c — > k^(w,z)c into v/here k^Cwjz) 
is a power series with operator coefficients such that 


( 3 . 2 . 2 ) c f(w) = < f(z), k^(w,z)c 


for all elements f(z) of and c in S » when jw[ <1. 
of power series f(z) with vector coefficients such that 


Let be the set of 

f(z)-fM 


Z 


belongs to Then is a Hilbert space in the 1-norm defined by the 

identity 


( 3 . 2 . 5 ) 

If f(z) is in , define a new 2-norm by 

llf(z)ll 2 = sup (llf(z)+g(z) li:[ - lls(z)lloj ’ 

where the supremum is taken over all elements g(z) of The set of 

elements f(z) of Ej which have finite 2 -norm, is a Hilbert space H^ 

in 2-norm and is contained in H.| such that its inclusion in H.^ does 
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not increase norms. Since is contained in 5 (z) and the inclusion 
does not increase norm , it follows that the transfornatioa 
f(z) — ^ f(w) on ^ into $ is continuous whenever j w|<1 and its 
adjoint takes c — ^ k 2 (w,z)c > where k^Cv/jz) is a power series ivith 
operator coefficients, such that the identity 


(3.2.4) c f(w) = <f(z), k 2 (w,z)c >2 

holds for all elements f(z) of H 2 , when j w j< 1. 

We show tnat the dimension of is not greater than the 

dimension of the coefficient space S . the definition of l-nora^ 

the space 5 is contained isometrically in Ej and its orthogonal 

complement in Ej is the image of under the isometry f(z) — > zf(z). 

Let I and be the inclusions of H and IL in H. , respectively, 
o 2 0 2 1 

Bien for each element f(z) of zf(z) belongs to and 


< I*zf(z), = < zf(z),g(z) 

= < fU), >0 

= < R{0)*t(z),g{z) 

whenever g(z) is an element of which means that = P.(o)'f(z). 

Let zf(z)=u(z)+ (zf(z)-u(z)) be the minimal decomposition of zf(z) as 
an element of Ej with u(z) in Hg and (zf(z)— u(z)) in. such that 

(3.2.5) II zf(z)ll^ = llu(z)ll2 + llzf(z)-u(z) IIq , 


The elements u(z) and (zf(z)-u(z)) are obtained from zf(z) under the 
adjoints of Ig and respectively . So ( 5 .2.5) can be written in the 
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following fora. 

(3.2.6) II u(z)ll2 ^ (l-E(0)R(0)*)f(z)>^ . 

Let 5 be the rnxige of (l ~r(o)e(o)*) in but with a new 3-noria. 

If a(z) = (l-R(o)R(o)*)f(z) and b(z) = (I-R(o)r(o)*) g(z) are in 5^, 
then define 


< a(z),b(z) >^=<f(z), (l-R(0)R(0)*)g(z) >Q . 

It is easily checked that the above inner- product is well defined and 
does not depend on the choice of f(z) and g(z). ^ the dimension 

hypothesis, one can assuiae without loss of generality that 5 ^ is contained 
isoEietrically in the coefficient space S . Olierefore it is possible to 
associate with each element f(z) of a vector f(o) depending on f(z) 
such that 11 a(z)l| = 1 f(o) 1 . Relating it with (3.2.6), we get, 

11 u(z)||2= 1 f(0) 1 • If H denotes the set of elements u(z) obtained from 
zf(z) under the adjoint I* for each element f(z) of ^then the 
dimension of the closure of U' in E^,is not greater than tiae dimension of 
the closure of the range of (1 -r(o)r(o)*) in 

If g(z) is in then by the minimal decomposition theory, 

<zf(z), g(z)>^ = < u(z)5 g(z) >2 + < zf(z)-^(z)> 0 

or, <f(z), > 0 =<u(z),g(n >2 

for every eleanent f(z) of where uCz) = zf(!s)*-"R(o)*f(z)* Therefore 
the orthogonal compleuent of in is the closed span of constants* 
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By the definition of 2-‘norm, j c |<||° [I2 whenever c belongs to 
H^^It implies that the dimension of the closed span of constants 
contained in E^,does not exceed the dimension of the dosed span of 
constants satisfying (3*2.1 ). Baerefore, it follows from the 
hypothesis that the dimension of is not greater than the dimension 
of the coefficient space* Consequently, there exists a partially 
isometric transformation on S onto 1^. It is clearly of the form 
c B(z)c where b(z) is a power series with operator coefficients. 
Since b(z)c belongs to S(z) for every constant c,and the inclusion 
of in S(z) does not increase norms, so B(z)c converges in the unit 
disc for every constant c in 5 . lo compute kgCwjz)^ Let f(z) he in 

,then f (z) = B(z)a for some a in 5 and 

"c" f(w) = "o’ b(w) a = ^ B(z)a, b(z) 'B(w)c >2 

= < f(z), b(z)b(w)c >2 

^ the arbitrariness ofc in S , k2(w,z) = B(z)^(v/). ^ the theory of 

minimal decomposition, the identity 

(3.2.7) c f(w) = < f(z), k^(w,z)c + k2(w,z)c 

holds for each. f(z) in s^nd c in S,whenever jwj < 1. Since 
f(z) — ^ zf(z) is an isometry on onto the orthogonal complement 
of S in H^, the element (c+zw k^(w, z)c) belongs to H.| for each c 
in S when j w | < 1 , and 

(3.2.8) c f(w) =<f(z), c+zw k^(w,z)e>.j 
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for every element f(z) of Hj . Comparing (3»2.8) with (3.2.7)j we get. 


or, 


(3 .-2. 9) 


ko(w,z) + = 1 + z w lc^(w,z), 

^ , IrisSsi . 

o' ’ 1-zw 


Since the inequality 


2 

c kQ(w,w)c = |jk^(w,z)c 11 0 >0 

holds for all c in S , it follows that 11 b(w) 11<1 whenever |w|<1. 

This insures the existence of H(b) whose elements are formal power 
series with vector coefficients. Since the finite sum of the elements 
of the form given by (3*2. 9) form dense sets in and h(b) and have 

same norms follows that is isometrically equal to H(b). Hence 


the Theorem. 



CHAPTER IV 


EAGTORIZATION THBOREIS 

Summapry of the Chapter ; The chapter mainly consists of some factorization 
!Eheorems for an operator-valued function b(z) such that the space H(b) 
exists and 

(4.0.1) H(b*) contains no non-zero element of the form #(z)c 

for any non-zero vector c. 

These results are analogous to those obtained by de Branges and Rovnyak 
when the multiplication by B*(z) in S (z) is an isometry. It is well known 
that the isometry of the multiplication byE?^(z)in 5 (z)is merely 
sufficient to ensure the existence of (4.O.I), so it is worth obtaining 
the corresponding results under weaker condition, like (4.0.I). In the 
first theorem, a canonical model of a bounded transformation is obtained 
which suits the transformation defined by (I.2.I0) in the extension space 
ID (b) of H(b), and is studied in Theorem 2 in case h(b^) is isometrically 
contained in S (z). later, we obtain a factorization of b(z) when the 
equality is not attained in (I.2.4) atleast for one element of h(b). 

Next, we relate the spectrum of the difference quotient transformation in 
H(b) with the zeros (points where b(z) fails to have bounded operator 
inverse) of B(z) and determine further that b(z) has analytic continuation 
to a point on the unit circle ^if and only if, the point belongs to the 
resolvent set of e(o). In Theorem 6 , a sufficient 
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condition on the spectrum is obtained for the isolation of the zeros 
of B(z). In the last section of the chapter, we obtain ELaschke 
product of operator-valued aual 3 rbic functions in the upper half plane, 
following Hevanlinna ' s theory for complex analytic functions. 

4.1 We determine necessary conditions of existence of the difference 
quotient transformation in ID(b). 

QHEORM 1 ; Let T be a transformation defined on a Hilbert space H 
into itself. Jissume that T is bounded by 1 and there is no non-zero 
element x in H such that || T°x 1|= jxj| = |j xj| for every n=1 ,2^. . 

Then T is unitarily equivalent to the transformation 

(4.1.1) (f(z),g(z)) (h(z),k(z)) 

defined on a Hilbert space ID whose elements are pairs of power series 
(f(z),g(z)) with coefficients in a Hilbert space S such that 

h(z) = , 

z ^ 

Il{h{.),k(.))l|^ = l(f(.),g(z)) Il^-lf(0)l^ 

and if (f(z),g(z)) •—> (u(z),v(z)) under the adjoint of the 
transformation defined by (4.1.1) then v(z) - and 

11 (vt(z),v(z))ll^ = 11 (f(z),g(z)) 11^ -lg(0)l^ • 

Proof ; Let Sq and be the ranges of (l-T*^T) and (l-TT*’), 
respectively, bat with following different innerproducts: Define 
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< a,b =< f, (l-!I)*l)g>and < c,d> =< f,(l-TT*) >, where 

a = (l-!I*T)f, b=(l-a*T)g, c=(l-TT*)f and d=(l-5?T*)g. i\s it is 
easily checked that the inner -products do not depend on the choice 
of the eleiaents f and g in H, so and S| are well defined inner- 
products spaces with 0 and 1 inner-products, respectively. Lot S 
be the completion of (SQlS^)in the norm 

j (x,y)l2 =jjx||2 4-|lyj|2 . 

'(Ye will see that Sis the required coefficient space. So vne Ccin assume 
without loss of generality that 5^ and are contained isouotrically 
in S , If X is in H, define power series f(z)= 2 a^z and g(z)=2b^z 
with coefficients a^= (I-T*T)I!'^x and b^= (l-Tf*) for each 11=0,1,2.. 

= 11*11 “^ 1 ^ 1 ^= 111 *“!: 11^- 11 
for each n=0,1,2^... Since there is no non-zero element x in H such 
that xj[ = Ijxjjs for all a=1,2..., hence f(z) and g(z) are 

zero si.nultaneously, if and only if, x is the null element, let ID 
be the image of the transformation U:x — > (f(z),g(z)) defined over 

H. !Ehen ID is a Hilbert space in the unique inner product which 
makes U an isometry. definition, if u x — ^ (f(z),g(z)) and 
(h(2i),k(z)), thea h(z) =hsMoi and 

II (h(k),k(a))|l^=ll(f(!^),g(.))||* lf(0)|^ - 

Si'd-larly, if Ux (f(z),g(z)) and U T*x ^ (u(z),vi.z)) then 
_ g(z)>g(Pl , Since TJ is an unitary transformation, 


Then 
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( f(z) jgCz)) > (u(z),t(z)) under the adjoint of the transforma-cion 
defined by (4«1.l). The last norm identity follows by the definition 
of ID . 

COROLIiiiHY ; In addition to the hypotheses of the Theoran , assume 
that 3 *^ — > 0 as n-*oo in the norm. lEaen His isometrically 
isomorphic to a closed subspace of S (z). 

Proof; Recall from the proof of the theorem that if g(z)=2b^z^ then 

for rt=0,1,2...« Summing the identity for n=0,1 ,2, .. we get, 

1 fW,g(.) f = 11 >>01 !'• 

n 2 

Since x — > 0 as n-*oo, hence j| (f(z),g(z)l| =llg(z)ll^ 

H) 

It implies that the set of elements g(z) such that (f(z),g(z)) 
belongs to IDis a closed subspace of S (z). Hence the corollary. 

4.1.2 The following theorem extends the result of Theorem 12 
( [6 ]j p. 357) for ID(b) spaces. 

THEORM 2 . let H(b) be a ^ven space with the transformation 

R(o):f(z) the extension space ID{b). If T 

denotes the transformation 

(f(z),g(z)) — > ( , zg(z) - B^(z)f(0)) 


in ID(b), then r(o)*^ — > 0 as n-*oo in H(b), if ard only if, 



Proof . (Sufficiency) Note that the transfonaation f(z) — ^ (f(z),f(z)) 
is an isometry defined over h(b) into IdCb), where 


c f(w) =< f(z) 

for all c in -S when | w j < 1 . 
then 


b(z)-b(w) ^ 
’ z-w 


B 


If f(z) belongs to b(b) and f(z)i= 2b^zi^, 




b 


a-1 


= |lR(0)*“f(z)ll| 


This proves the sufficiency part of the Theorem. 

Necessity) Suppose | E(o)*^f(z)j[ ^ 0 as n-»co for every element 

f(z) of H(b). Let M be the set of elements (f(z),g(z)) of ]i)(s) for 
which |T^(f(z),g(z))|^g^ — > 0 as n -* 00 . Because 

I 0*^(1 -B(z)B(o)) c, ^ e R(o) (l -B(z)b(0))cH ^ 

therefore (( 1 -“B(z)b(o)) Cj 1. q ) belongs to M for each vector c. 

Since , 

cj (i-^(z)s(o))c)= - ( (i - b( z)b( 0 ) ) 3( 0 )c , 
belongs to M , so ( c, (l-ff<(z)B(o))c) belongs tn ^ for all 
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Constantsa in S . If (f(z),g(z)) belongs to ID(b), then 

(l-T^T)(f(z),g( 2 )) = ( (I-b(z)b(o)) f(0), f(0)), 

and so the range of I— T*! is contained in M ♦ ^ computationjit 

follows that T**^T'^(f(z),g(z)) belongs to M whenever (f(z)>g(z)) belongs 
to M « So M is invariant under T. lEhijrafore is a subspace of I)(b) 
which reduces T and contains ( (I-B(z)b(o) ) c, — c ) and 

( c, ( 1 -B*(z)B(o)) c) for every c in S . It follows by the 

definition of I and T* that M is dense in ]d(b). It is evident that U 
is closed and so coincides with ID(b). 

OOBOELABY ; Ihe multiplication by B*(z) is isometric inS(z), provided 
— > 0 in Id(b) as n-» 00 , 

Broof » Because 5?^ 0 as n-*-oo in Id(b), so || (f(z),g(z))j|^gj = 

|g(z)|| . ^y definition of 1)(3), jj g(z^j ;^<IJ 
means that H(B ) is contained isometrically inS(z). So by 
Iheorem 4 ( [6 ] } p. 549), the multiplication by B*(z) is a -artial 
isometry. If B^(z)c=0, then 

(( 1-b(z)b(0))c, c ) = (c,0) 

belongs to 3D (B) . So || T^“(c,0)lj H (c,0)ll ^ holds for all 

ri?=1,2...Hence it follows by the hypothesis that c=0. Therefore the 
overlapping space 3L(0 ) of H(;^) has no non-zero polynomial. Hence 
the transformation l(z) l(z)^l(0 in 3 l( 0 ) is isometrie. 
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If B*(z) l(z)=0, then l(z) belongs to JL(0) and jj i(z)| = [| i(z) jj . 
Bat then l(o)=0 because 


11 1(“) ii' m^^^^ii" - 1 i(o)f 


“ ^ 't(r ^ 

Hence the oultiplication by B*'(z) in 


ITherefore l(z) vanishes identically. 
S(z) is an isometry. 


4 . 1.5 Hie following Theorem is helpful in the investigation ol 
IHECBM 5 i Iiet H(b) be a given space such that there is no non-zero 
element in h(B*) of the form B^(z)c for any c in o. Assume that the 
elements of the form b(z)i(z) where l(z) belongs to the over lapjing 
space lj(0) of H(b), form a dense set in h(b) and that llf(z)Hj^ = 
[[f(z)jj for all elements f(z) of 3L(f!*). Then the multiplication by 
B*(z) in 5 ( 2 ) is an isometry. 


P roof . By Hieorem 11 ([-S I;p.555)^()2P) is contained in H(b^) and the 
inclusion does not increase norms, i.e.jj g(z) for 

every element g(z) of ]L(^*). Moreover the identity 


i(w)=<iU),l 




<3(z)l(z), 


B(z)-bCw) V 
z-^ 3 


holds for all elaaents l(z) of 3L(0 )j c on S when jwj<1. By f^io given 
hypothesis^ it -follows that transformation f(z) — > f(z) is isometry 
on h(b) into H(B*). Therefore in view of above identity, v-e liave, 

J^J-T KANnm 
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for each element 1(2) of . If (f(z),g( 2)) belongs to Mi^) the 

extension space of 1l(0), then (B(z)f(2),-gCz)) belongs to ]D(b) the 
extension of H(b), and 

11 (f(z),g(z))ll^-Jlf(2) 11^+11 (B(z)f(2)-g(z)ll^ 

^ id(b) 

= 1 II ^+1 (B(z)f(z),-f(.));i|, II ( 0, f(.)-g(^))|^ 

= ||fU)||^ ||g(z)|l|» 

= ||f(»)fH|g«ll^ 

i.e. It (f(z),g(2;))|l = ll(f(2),g(z)|jg/. N 

E(0) ^ ^ 

for every element (f(z),g(z)) of I&{0) . Iherefore it follows that 
'St{0) is contained isometrically in S (z)» So there is no. ..Oji-aDro 
space IL(4>) contaitad in IL()2^)and such that fa inclusion 

do not increase norms. The Theorem now follows by using the result 
of Theorem 5 ( 3 ; p. 126) • 

RftTna-pV i It is shown in Chapter 5 that under the hypothesis 
of Theorem, 3 (z)=B(o) . 

4.1.4, We see in the follovang section that a space H(b) wnich 
has a non— zero element of the fona b(z)c for some vector c,can oe 
replaced by a space so that equality is attained in (l»2.4) for e/ery 


element of the new space. 
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THEOB'PW 4 « Let H(b) be a given space such that (i) H(B*) does not 
contain any element of the form B*(z)c for any non-zero constant c, 

(ii) stim of the dimension of the closure of the range of (1 -r(o)*e(o)) 
in h(b) with the dimension of the closed span of constants which 
satisfy (5»2.0), does not exceed the dimension of the coefficient space 
and (iii) range of B(a ) for some cc ,[a [ < 1, is dense in S . ihen 
B(z) * CA(z) such that equality is attained in (1.2.4) for every element 
of H(A),and h(a) coincides with the orthogonal complement of H(c) in 

h(b). 

Proof* Because (i) holds, Theorm 13 ( [6] ; p« 354) implies that the 
transformation U:f(z) ?(z) defined on H(b) into h(B^) is isometric, 
where f(w) is defined by (1.2.6). As U;(zf(z)- b(z) f(o)) 
whenever U;f(z) f(z)» so the range M of U, is a closed subspace of 
b(b») which posses alongwith f(a) such that 

11 11 ^ ii*(^)iiM-u(°n" • 

If s(0)tf(!5) ih M than (1-S(0)S{0)*) . n(l-K(o)*E(o))tJ*, 

which implies that the dimension of the closure of the range of 
1.-S(0)S(0)* in M, is equal to the dimension of the closure of the range 

of 1 -r( 0)*R(0) in H(b). 

Consider the Hilhert space consisting of power series f(c) such 

belongs to h(b) and 

z 

sup ( 1 f(oMo)l" X® 


that 
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where the supremum is taJcen over all elments g(z) of h(b). Ihe 

elements of are of tlae foim b(z)c where c is some constantj and 

11b(z)cJ| q = 1 c{ whenever B(z)c ^ 0. As the orthogonal complement of 

the set of elements of the form B(z) f(o) in for each f(z) of H(b), 

is prescissly the set of constants contained in H • hence the dimension 

o' 

of the closed span of vectors orthogonal to the coefficients of elements 
of Mis equal to the dimension of the closed span of constants which 
satisfy ( 3 . 2 . 0 ). Oherefore, keeping Iheorem 6([63 5 p. 351 ) and 
hypothesis (ii) in the view, it follows that Mis equal isomotrically 
to seme H(A*) where A*(z) is a power series with operator coefficients 
such that H(a*) does not contain any non-zero element of the form 
A*(z)c for any constant c. Since h(A*) is contained isometrically in 
H(B*), B*(z) * A*(z) C*(z) such that H(c*) exists. 

Since U: c ^ for every constant c, 

1 -zw z-w “ ^ 

the element 

0 = c - G~(w)c 

^ * z-w z-w z-w 

belongs to M for every constant c and complex number w, |w|<1. So, 
by Theorem 4P( [ 6 ]j p. 350), A*(z) = 0 for each [w[<1 , 

which means B(a)=:A(a) 0 (a)=iA(oc) c(w), or A(a )(c((X )-c(w))=o 
for every oc , |cx| < 1 « 03aerefcire,by the arbitrariness of w,(c(z)-c( cx ))a( oc )=0. 
As B( oc ) has dense 
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range for some a,] al<1, c(z)-c(w)=0 which means that cCz)=C is a 
constant. So B(z)=CA(z). 

Since H(b) is the closed span of elements of form '^~^(z)b(w) 

^9 

1 -m 

U; l-B(z)B(w) B^(z)-B(w) ^ 

1 -zw z-W ° 


and since c = hence h(A*) i 


of the elements 
h(a*) for any non- zero c in 5 , 


is the closed span 


A*(z)-ir(w) _ . . \ . 

2 _vf c, c in c. jiS A (z}c is no non-zero element in 


J1-a'’2)';I(w) 

>-zw 



A*(z)-'^(w) 

z-w 



Therefore the transformation f(z) — > f(z) defined on H(a) into h(a^) 
by (1.2. 6)^ is isometric and has dense range in h(a*‘). It means that 
f(z) — > f(z) is an unitary transformation on H(a) onto H(A*). Therefore 
H(a) does not contain any non-zero element of the form. A(z)c for any 
0 in S } so the identity 

holds for every element f(z) of h(a). If f(z)is inH(A) ,then f(z) 
defined by 

belongs to H(A*) and there is an linique element g(z) of h( 3) such that 
f(z)=g(z) and j|f(z) j|^=| j f(z) | j = jjg(z) jjg* = jjg(z) \\^ . 


Moreover, 
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og(w)=<s(z), 

"A-®*”) 

^ z-w 

=<f(2), ■ 4* - C^)-;(w) 

Z-V^ 

= o’ Cf(r) 


c>]3* 

C c>^* 


for all 0 in S when jwj<C 1. Iherefore the transfomation f(z) -> Cf(z) 
is an isonetry on H(^) into H(3). Obviously, the range is the orthogonal 
conplenent of H(o) in H(b). Ihe Dieoreia is proved by observing the 
equality in (1.2.4) for every elenent of H(c). 


( 4 . 1 . 5 ) COROLliiRY : Assume S to be infinite dimensional, let h( 3) 
be a given space such that there is no non-zero c in S such tlriat ;^(z)c 
belongs to HCB).Then B(z)=CA(z) such that equality is attained in (l,2.4) 
for every element of H(it) and the transformation f(z) Cf(z) naps 

h(a) isometrically onto the orthogonal complement of H(c) in h(b). 

1 ^ 0 of ; In the proof of the Theorem ,M is equal isometrically to some 
This follows because the range of 1-S(o)s(o)*is contained in 
S (z), hence its dimension can not exceed the dimension of coefficient 
space which is infinite. The corollary is obtained by revising the 
remaining arguements of the proof of the Theorem. 


^ ^ f( z)-f(0) 

( 4 . 1 , 6 ) The spectrum of the transfomation t{z) ^ 

in H(b) sjjacesjis related with analytic continuation of b(z) &.cross 
the unit circle and the zeros of b(z). We discuss this first before 
obtaining a factorization of b(z). The following I.emna extends the 
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LEI'.mA 1 : let h(b) be a given space. The elements of H(b) have 
analytic continuation over the boundary of the unit circle^ at X ^ 
if and only if, 3 ( 2 ) has analytic continuation at the point X , 

_^|Oof: Assume that elements of H(b) have analytic continuation to a 
point 2 = X , I X j =1 •Then in particular, c can be continued 

analytically to 2 = X , for each vector c. Therefore 3 ( 2 ) has 
analytic extension to the point z= X ^ Por the conv^erse, assume that 

B( 2 ) can be continued analytically to z= X , j X| =U Since the 

^ ^ ^ 1-B(2)b(w) ... 1 

denominator of — ^ ^ analytic everywhere except at z= = 

and (1 ~B(z)b(w)) c is analytic at X^ I X j = 1 ^ therefore 
has analytic continuation . Because such special elements form a 
dense set in H(B),and uniform convergence of analytic functions is 
analytic, therefore the elements of H(b) have analytic continuation 
at j^j=1* ®iis proves the lemma. 

UMMA 2 ; let H(b) be a given space such that b(w) has dense range 
for some w, jw|<1. If ^ belongs to the resolvent set of R(o),|xj<l 
and (r(o)- X ) has closed range in H(b) then B( ^ ) has bounded 
operator inverse. 

Iroof : Assume that ^ belongs to the resolvent set of r(o), j^j <1 
and (r(0 )- ^ ) has closed range, or equivalently, ^ belongs to the 
resolvent set of r(o)* and the range of (r(o)*- is closed. Assiane 

/ , . . B(z)-B( V T *■ 

that -B( ^)c=0 for seme constant c. Since 2 -~X ° belongs to 

h(b), 4^ belongs to H(b) for some constant c. is obtained 

2“" X 

by Gcmputation that (r(o)*- X ) |^== 0 which means that b(z)c=0. 
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Therefore b(w)c= 0 for all complex number w, jwj <1 but by the 
hypothesis ^(w) has dense range for some w, jw|< 1 ,so c=0. It 
proves that b( X) is one-one. Since the range of (eCo)"^^- X) is 
dense in H(b)jSO by the hypothesis the range of (r(o)*- X) coincides 
with H(b). Haerefore, if g(z) belongs to h(b) then there is an 
element f(z) of H(b) such that (e(o)*- X)f(z)=g(z),i.e . j f(z) = 

, s( ?)~B(^)^ , (P ., ) j where 

25“^ A 

Since f(z) converges everywhere in the unit disc, g( X)=b( X)f(o) 
which implies that the range of b( X) contains f( X) for every f(z) 
in H(b). If c be a constant such that c=f (z)+B(z)g(z) is a decomposition 
of c in S(z) with f(z) in H(b) then c=f( X)+b( X)g( X) which implies 
that the range of B( X) contains all constants. As it is already 
shown that B( X) is one— one, so B(X ) has bounded operator inverse. 

Ihi 3 compl^^tes the proof of the lemina* 

THBCEEM 5: Let h(b) be a given space. The function b(z) has analybic 
continioation to the unit circle, if and only if, the unit circle is 
contained in the resolvent set of R(o). 

Proof . ^ ismma 1, elements of H(b) and H(b^) have analytic contl nuatiori 
to the unit circle. If c is in S and j wj < 1 then the identity 


c f(w) =<f(z), 


1-B(z2b(w) 

1-ziw 


°>B 
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holds for every element f(z) of h(b). As f(z) — ^ f(w) is continuous 
for each number w of the unit circle ,the representation holds for 
all w, Iwl =1. Because c belongs to H(b) for each compleac 

number w, |w| = and”'— d belongs to K(b*), so b(w)c ^ 0 

and B(w)d;<^0 unless c and d are zero. In other words, (e(o)- has 
no non-zero element in its kernel vdien |^|= I* If (e(o)*- ?t)f(z)=0, where f(z'' 

is some element of H(b) then f(z) = where f(o) is sane as 

given by (1.2.6). By the analyticity of f(z), B( X)f(o)=0 meaning 
thereby f(o)=Of Therefore there is no non-zero element in the kernel 
of (r(o)*- X), or equivalently, the range of (r(o)- x) is dense in 

h(b). 

let w be a complex number close to the utiit disc but [w|> 1. 

(Then 

II (r(0)-w)“'‘|| =y^ II (1 -:J;-R(o)) ^11<„ |^| _ Y 
and the power series 

(h(0)- x)’’ = (E(o)-wr' + (X -») (E(0)-»r^ £ (X -«)“(e(0)-»)"“ 

=om-«rgas if |X-w | < j] (bCo)-*)"' \\'' ■ Hieretoro tiiero a 

disc centred at w which does not contain any point of the speoLrum. 

By the arbitrariness of w, it follows that the resolvent set of e(o) 
contains entire unit circle. 

Assume that X belongs to the resolvent set of r(o) and 1^1=1 • 

Since resolvent set is open, there exists a nei^bourhood of X 

in thP -n^coivsnt set. So (r(o)-w)' has bounded inverse for 



60 


each w ia seme aei^bourhood of X , !Ehe traasfo^J^'tioa 
is continuous defined on h(b) into S , Since "^ = ^ 


'^(0):f(z) — > f(0) 


J(o) (1-wR(o)) ^f(z) — ^ f(w) 


is continuous^for each w in the neighboiirhood of X j 




Therefore the elements of H(b) have analytic continuation -(jq ^ 
the previous lemma 3(z) can be continued analytically ^ 

2 — A • 

What ranains to prove is that B(z) is bounded ia some aei erhbourhood 
of X. Since c belongs to h(b) for each constant c in S 

50 is bounded in some neighbourhood of x. Hence B(z) 

is also bounded in the same nei^bourhood. Ibis completes proof 
of the Theorem. 


THEORM 6 ;~Let H(B^ b.e a given , space which has no element of 

the form b(z)c for any non-zero c in S . Issiwie that 

is a completely continuous operator and b(w) has dense raiigg for some 

n 

w, I wl < 1. !Ehen B(z) = a(z)c(z) such that a(z) = H (-j^p p n 

i=0 i ± ' 

(for some unitary transformation U and projection operators 
P^,i=0,1 ..,n), h(c) contains no non-zero poly)^o“i®l and c(o) has 
its range equal to S • 0(w) has boimded inverse, whenever w o 
g(z)=R(w)*f(z),f(z) 0 imply that f(o) and g{o) are linearly 


independent vectors. 
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Proof: If H(b) contains no non-zero elonent^then B(z) = b(o) and 
b(o) is isometric. transformation f(z) — > f(z) defined by 


c £(w) = < f(.), 5* c >, 


on into H(b) is isometric which impliet= that H(B^) is also the 


null space. It determines that b(o) is an isometry. OIhe theorem 
follows by taking I'j_=I) c(z)=I acd U=B(o). 


Suppose H(b) does contain a non-zero element. If it has no 
non-zero polynomial then b(z)=c(z) and we only need to check that the 
range of B(o) coincides with 5, Since (1 -B(z)b(o))c belongs to H(b) 
for each c in S > hence "5(0)0 ^ 0 unless c=0. It shows that 3(o) has 
dense range, ily the hypothesis, (i-b(o)b(o)) is completely continuous 
which implies that the range of 5(o) is closed and therefore the 
range of b(o) coincides with S * 

!Eherefore, in what follows we assimie that h(b) possesses a 
non— zero polynomial. Since H(b) does not contain any n,on— zero 
element of the form b(z)c, the closure of polynomials in, h(b) is a 


closed subspace of S(z) isometrically contained in H(b)» Ihe 

. f(z)-f(0) 

closure is invariant under the transformation f(,z) ~ 


so it is isometrically eqiial to some h(a) where A(z) is A power series 
with operator coefficient such tha.t the multiplitation by a(z) in s(z) 
is partially isometric. So b(z)=a(z)c(z) for some power series C(z) 
with operator coefficients such that the space h(c) exists. 
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Consequently, the range of the multiplication by A(z) in 5 (z)^ contains 
the range of the multiplication by B(z) in S(z);and A(w) has dense 
range in S for some w, |wj <1. A direct application of !Iheorem 16 
([ 5]; p. 354 ) follows that the multiplication by A(z) in 5(2} can 
be assumed to be isometric without changing f(a). Since 

. 0< c(1-a(0)1:(0))c =< (l-A(z)J(0))c, (1-A(z)1(0))c>^ 

= < (1-A(z)l(0))c, (1-B(z)b(0))c >g 

<jl(l-A(z)I(0))c|j^l|(l-B(z)B(0))clj g 

or, c(1-A(0)a(0))c < c(1-B(g)b(0))c. 

%• the arbitrariness of constant 0 and complete continuity of 
(1 -B(o)B(o)), it follows that (1 -A(o)a(o)) is also completely continuous. 
Applying Iheorem 17 ( [6 ] ; p.355) it is obtained that 

A(z) = (1-P^+ P^z)...(l-P^+P^ 2 ) U, 

where P^,i=0,1 , . ..n, aire projection operators with finite dimensional 
ranges and U is an unitary operator. 

Assume that H(c) has a polynomj.al pCz). !Ihen the constant 
p(0) belongs to H(c). Consequently, a(z)p(o) bolongs to H(b) and 
being a polynomial it also belongs to h(a). Since H(a) has no ncn-zero 
element of the form a(z)p(o), a(2)p(o)=0. Ihe isometry of the 
multiplication by A(z) implies that p(o)-0. Eepeating the same 
arguement,it follows that p(z)=0 and^H(c) does not contain any 
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non-zero polynomial. If c is a vector orthogonal to ths range of C(o), 
then for every element f(z) of S (z), 


0 =< C(z)f(z), c > = < B(z)f(z), a(z)c> 


It shows that a(z)c belongs to h(b). Being a polynomial it also 
belongs to H(a) which implies that c is the null vecxor. It proves 
that the range of C(o) is dense in 5 . 

If J^(0) denotes the transformation f(z) — > f(o) defined on 
H(a) into S then J (o)j.(o)*= (1-a(o)X(o)) is completely continuous which 
implies that J^(o) and j^ofare also completely continuous. Therefore, 

J.(w) = J,(0) (l-wE (O))”^: f(z) — > f(w) 

A A A 

is also completely continuous for every complex number w, |w| < 1. 


A composition of such transformations 


p) «)*•• c 



c 


is also completely continuous. Since 


A(a ) 


1-C(a)c(pJ j(Q) 
1- oqp 


1-B(a)B(P) 1-A(a)A(P) 

1-ccp ~ l-oP 


whenever [ al< 1 and |p 1< 1 , a( a ) and I(p ) have bounded inverses 
if 0, P 0, so (l-c(a )c(p )) is completely continuous for 
0<laj<1 and 0<1 p 1<1. Therefore, by continuity, (1 -G(o)"(o)) 
is completely continuous. It implies that the ranges of c(o) and 
^(O) are closed. Since the range of c(o) is dense in S , it coincides 


with S • 
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Assume that f(o) and g(o) are linearly independent rectors 
whenever g(z)=R(w)*f(z) for some w, 0<jwj<1, and f(z) ^ 0. Ve 
show that the range of (e(o)-w) is dense in H(b). Indeed, if 
(r(o)*- w)f(z)=0 for some element f(z) of H(b) then 

< f(z), = i-< f(z),g(z) >2 

for every element gCz) of h(b). Repeating the samejit is obtained that 

< f(m), H(0)“g(a) >3 = 5 “< f(m),g(t) >5- 

In particular, if gCz) = (1 -B(z)b(o))c then the identity 
can be converted into identity 

>3= ” w2“+’<f(t),(l-B(a)E(0))c >3 

or equivalently, 

- cB( 0) f(w) =-i— o’ f(0). 

the arbitrariness of c, B(o)f(w) = - 9 f(o)* 

1-w 

Therefore in theview of ( 1.2.6 ) and the hypothesis_,it follows 
that f(z)=0.- It proves that (r(o)-w) has dense range in H(b). 

Using the property that H(b) has no non-zero element of the form 
B(z)c for any non-zero vector c and applying the definitions of the 
concerning transformations, one obtains that the transformation 

1_(1 _wr( 0 )*)■’' (r( 0 )*-w) (e(o)-w) (l-v©(0)r^ 

= (1_ ) J^(w)%(w). 



is completely continuous for all complex number w, 0< |w[< 1 which 
implies that the transformation 
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{ (l-wR(0)*r^ (r(0)*-w) (r(o)-w) (1-^(0)*)"^ > 

has closed range in h(b). It leads to conclude that (e(o)-w) has 
closed range in H(b) whenever 0< j w| < 1 . Iherefore by the proof of 
Iiemma 2, the range of b(w) is dense in S» Since 

T ^ T i 1 -B(w) 15( w) 

is completely continuous, the range of B(w) is closed and hence 
coincides with S- definition of a(z), a(w) has operator inverse 
so the range of C(w) coincides with 5 • SChis completes the proof 
of the (Theorem. 

(4.1.7) (The following (Theorem is an extension of (Theorem 7 
(E7l i p. 127 ). (Ihe result of the Theorem can be used in 
appiroximation of H(b) spaces with finite dimensional spaces* It also 
helps to extend the result of Lemma 10 ( [ 5] j p* 71 ) on similar 
lines, 

TRtnRBM 7 ; Let A(z) be a power series with operator coeffioienos and B(o)be a 

normal operator, such that the multiplication by A*(z) is isometric 

in S (z), there is no non-zero element f(z) in (z) such that 

zf(z) = ■S(o)g(z) where f(z)=h(z) + A*(z)g(z),with h(z) in H(A^) 

and g(z) in S (z);is the minimal decompositions of f(z). 

Then there exists a non-null space h(b) for 



Jin element £( 2 ) belongs to h(B*), if and only if, ( 1-2 B(o)A*(z)) f(z) 
belongs to H(a*) and 
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li lP(0)f(z)|l ^ + II (l-^B(O)A {z)ff(.)ll=* . 

Proof: To show that H(b) exists^it is sufficient to prove that the 
multiplication by B*(z) is icometric in S (z)*Pirstly,we show that the 
multiplication by B*(z) is isometric on the closure of the range of 
multiplication by (1 -zA*(z)b(o)) in S(z). If f(z) is in £(z) then 

B*(z) (l-zA-'(z)B(0))f(z) = (B(0)-zA*(z))f(z). 

So we need to check that the identiiy 

< (l-zA*(z)B(0))f(z), (l-zA*(2)B(0))g(z) > 

= < (B(0)-zA*(2))f(z), (B(0)-zA'^(z))g(z) > 

holds for all elements f(z) and g(z) of £( 2 ). By linearlity and 
contiriuity of the innerproduct^it is enough to establish the 
identity when and g(z)=z% for all non'-negative integers 

m^n and vectors ajb* Gince the multiplication by z is isometric 
in c(z), m is assumed to be zero* If n~0y the identity reduces to 

'B'a + ¥ 1(0)B(o)a = ¥a + 'B' B(o)¥(o)a 

which is true, because b(o) is a normal operator. Bor > both sides 

of the identity vanish together. 

If f(z) is orthogonal to the closure of the multiplication by 


/ N 
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(4.1.8) 0 = < f(z), (1 -zA*(z)b(0))z% > 

for all vectors c and integers a>0. If f(z)=li(z) + A'^(z)g(z) is 
the minimal decomposition of f(z) in S (z) then the miniiaal 
decomposition of 

(4.1.9) ^ = { tLCy)-h(o) 


where the element in { > belongs to H(a*). If f^(z)=f(z), 

, g(-) ^ 

n=0,1,2-.., the identity (4.1.8 ) tog'ether v.ith (4.1.9 ) gives 


c an = < f^^^.,(2), A*(z)b(0)c > 


= < gn+i(2)j b(0)o > 


c ^(o)^ 


n+1 


where g(z) = Eb the arbitrariness of c and n, zf(z)=B(o)g(z). 


n 


It implies (by the hypothesis )that f(z)=0. It leads to conclude that 
the multiplication by B*(z) is an isometry in S(z). Hence b(z) 
converges to a function bounded by 1 in the unit disc . Conseciuently 
the space H(b) exists. 

For an element f(z) of S(z) to be in H(b*) ^t is necessary 
and sufficient that f(z) is orthogonal to tho range of multiplication 
by B*’(z). as the range of multiplication by (l-zA*(z)i3(o)) is dense 
in •?'(z)jSO the range of the multiplication B (z) is contained 
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in the closure of the range of nnaltiplication by Cb(o)-zA*(z)) m 5(z). 
ilherefore, f(z) in *“( 2 ) belongs to H(b^), if and only if, 

< f(z), (b( 0) - zA*(z))z% > = 0 

for all Tec tors c and integers n>0. Iff(z)= then 

c b( 0) A*(z)c > , 

Let f(z) = h(z) + A*(z)g(z) be the minimal decomposition of f(z) 
with h(z) in H(^^) then 

'0 B(o) c > 

= ° Vl • 

So zB(o) f(z) = g(z). Hence f(z) belongs to h(b*), if and only 
if, (l-2A*(2)B(o))f(z) belongs to H(a*) and 

I f(z)ll|.= 11 b( 0) f(z)lj ^ + 11 (l-zA*(z)B(0))f(z)ll % . 


This completes the proof. 
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4-2 A fucdaaiental theojon of complex analysis states that the 
zeros ,of a nojazero analytic function are isolated ani have no limit 
point in the region of analyticity. Various analogues of zeros are 
available for an operator-valued function pCz). One may mean a point 
w to be a zero of i’(z) if , the inverse of P(w) does not exist, the 
inverse is not defined densely, or the inverse is unbounded. One may 
also classi:^ the zeros by considering the spectrum of p(w). V/e call 
a point w to be a zero of P(z) if P(w) fails to have everyv/here 
defined bounded inverse.- In general if the coefficient space is of 
infinite dimension, such points are not isolated. For this reason the 
complex -valued analytic function theory is essentially different from 
the theory of operator-valued analytic functions, apart from non- 
commutativity of multiplication. Iherefore it is of interest to kn'Slf 
when the analogy between the two theories is sustained. In this 
section we study ELaschke product theory on the lines adopted by 
de Branges and Rovnyak for Weierstrass factorization, Iheorem 20 
( 16 1 ; P* 390). In the process, we use an extension of the Poragmen- 
Lindelof principle for operator— valued functions given in theorem 
3.13.6 (1143; p, 103). 


Phragmen— lindelof Erinci.le. Let P(z) be an analytic function in the 
upper half plane such that |p(z)jj has a continuous extension to the 
closed half plane and is bounded by 1 on the real axis. If 


n 


'* / log '*'11 ffCre^^ )|1 Sin 0 16-0 , 


lim inf 
r-^-oo 


1 

r 
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where log a = max (loga,o), then P(z) is bounded by 1 in the 
upperhalf plan. 

Definition An operator-valued analytic function I'(z) in the upper 
half plane is said to be of bounded type if there exists a complex- 
valued analytic function X (z) such that 0< jx(z)|< 1 and jj x(z;)l'(z)|l < 1 
whenever Im z>0. 


(4.2.1 ) The following Theorem gives the usual form of ELastchke 
product. 


THEQBEM 8 ; let { (^} be a sequence of projection operators and 
{z^= x^+ iy^} be a sequence of complex numbers such that y^> 0 for 




and 2 


(' 2^2 
(x + y 
^ n •'n 


< 00 . 
) 


Then the product 


( 4 - 2 . 2 ) 


n 

B(z) = lim n 
n — 00 k=1 



converges in the operator norm uniformly on every bounded set vuich lies 
at positive distance from { z^} . b(z) is analytic and bounded by 1 
in the upper hcalf plane and has operator inverse at each point in the 
upper half plane. 

Proof : If we define , 

4-y. sup IIC7 - a , 

then 0 <P(z)< 00 on every bounded set which lies at some positive 
distance from computing , 
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(4.2.3) II ~ )«< 1 {l-\ ^ )-I II 


+ 7^) 




If we denote 


BJ.) 


n 


k=1 k k 


and make use of the norm inequality for operators 


then we get, 


||abH< 1 +|lAB-iil <(i+|a-i 11 ) (i+llMl ) 




n 


I 2 k 

< exp ^ Z 2 2 

\P^ ^ k=1 + yj. 


Therefore , 


II <ll\<^>lt (’ t'*' t ’ ■ 

<11 \'^^}\ ^'+11 


n v_ 


m 
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As the sequence 


2 


■ p(z) 


n 

I 

1 


2 


converges uniformly on every 


bounded set which lies at some positive distance from the points 
Kjfor n , it follows that B^(z) — > B(z) as n-»oo in the operator 
norm unif ormly ,for z in any bounded set which lies at some positive 
distance from the points "z^ for n > 1. Ihe analytic ity of b(z) follows 
from the fact that b(z) is uniform limit of analytic functions B^(z) in 
the upper half plane. If z=x+iy then 


(4.2.4) li (l-(^ |r- (I-Qh-— )ll = 




(yj,-^Qj,)^> > i| 




^ 2x^-2yy^^^V 




2 2 
^ + yk 




&ince (x—x )^+ (y“’yr_)^^ 0 for all z such that Bd. z^ Oj the expansion in 


'k' ■ •'k 

Neumann series is permissible. 

z N-1 




4yyi_ 2xxj^- 2yyj^- x^-y^ 

. -C^+....}|| 


V^k 


= 11 I- 


— ^ \ t f 2 2 

V ^k 




= i I- 4yy,_ {(x-x,.)^+ (y-y,.)^ > ^ 
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SiiJce the inequality ||l-a Qjj.|j <1 is valid for all a such that 
0 ^ j so 

f- r' (1-8^ f 

k=1 ^ \ ^ \ 

< n II I-4yyij {(x-Xj^)^+ (y+yj^)^}Q^jj^ 
k“1 

< 1 . 

Because B^(z) B(z) as n-*oo in operator norm^t follows that 
jj B(z)|<^ 1 for all z in the upper half plane. 

As, ^ ^ ^ (z-Zjj.'^z) 

is well defined everywhere except for the point so B^(z) assumes 

invertible values in the upper half plane, therefore for each z la the 
upper half plane and sufficiently large n,||B^(z) ^b(z)-I|| < 1 , which 
implies that Bj^(z)”^b(z) assumes invertible values in the upper half 
plane, the last part of the Thecjrem follows by observing that 
B(z)=B^(z)Bj^(z)”^B(z) is invertible in the upper half plane, this 

completes the proof of the thecrm. 

the following theorem shows that the zeros of operator-valued 

function of bounded type are zeros of sane HLaschlce product. 

tR-BORM 9 tlet ■F(z)be an operator-valued function of bounded type in the 
upper half plane. Assume that there is no limit point z=x+iy of zeros 
Of I<z) moh that either y> 0 or if jM) then r=0. If the range of f(.) 
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for eacii zero w^is non-dense then P(z)=B(z)g(z), where B(z) is a 
BLaschke p3^d.uct of the form (4 *2 *2) and (t(z) is some analytic function 
of bounded type in the upper half planejpossessirg operator inverse 
everywhere in the upper half plane. 


Since F(z) is of bounded type in the upper half plane, the re 
exists an analytic function x (z) such that 0< |x(z)| <1 and 

|j x(2)F(z)jj< 1 in the upper half plane. If p(z) is invertible at 
eveiy point in the upper half plane, then the Iheorem follows by 
taking B(z)= 1 and G(z)=P(z). Assume that z^ is the point nearest the 
origin such that P(z^) has no operator inverse. (Selection of such 
point is possible as the origin is not limit point of zeros of b(z)). 

Since the range of bCz^) is not dense, there exists a non-zero projection 
operator whose range is the orthogonal complement of the ralnge of J'(z^). 


Since 


(i-Q, f:- ) (i-Q, 

21 


Z N-1 


is an analytic function in the 


upper half plane except z=z^ and Q^P^(z^)=0, where p(z)=i'^(z), 
hence 


(I-Q, )■’]?(-) 

= (I-Q^ (z-z^-Q^z) — j 

is analytic in the upper half plane. Inductively, let B^Cz) be the 
function which fails to have operator inverse at Define 


(4.2.5) = 


-1 


B (z) 
n' ' 
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where is the projeotioa operator whose range is the orthogonal 
complement of the range of if has no zeros, then 

the theorem follows by tailing (z). So we consider the case 

when the process is continued. Let be the sequence of functions 

obtained from (4.2,5). It is shown by induction that X (z)?^(z) is 
bounded by 1 iix tho upper half plane* !Por n=1 ^ it is obviously true 5 
BO assume that )^(2)P^(2) is bounded by 1, On following the lines 
adopted for (4.2.4), it is seen that 


„,J. z ,-1,1 2zx^+2jy^-zV 1 

11 r' 11 ’ ■T~r'‘n‘ ^ 2 ~ % ‘ 11 

n n x + y x. + y 


If s « S2i t (x-x r*^ >0^ Iherefore by expanding in 

n I* lU 

Nuemam series 


2 . 2 

^ 4w 2xx +2Yy -X -y 

ll(i.^|.)(i^|-r’f=lli-^2 — v-)ll 

n n x^+ y^ x y 


n •'n 


n ''n 



(x-x^)^+(y-y^f 


«a 11- 


Since |[ 1+ aQ |» (1+ Ct), for a >0 and projection operator Q, hence 


4yy 


(4.2.6) 
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]Ey definition 

(4*2*7) x(z)P^^^(z) = jJ^^) x(z). 

In view of (4*2*6 )) it follows that the first factor in the right 

of ( 4 * 2 * 7 ) is bounded on every bounded set wnich lies at some 

positive distance from Since x(z)P^^^(z) is continuous at z^, 

it is bounded in every bounded nei^bourhood of z . Thus ^(z)? (z) 

n 11+ 1 

is bounded in the upper half plane. We estiinate the bound of X(z)P^_^^(z) 
on each line y=h >0. ( 4 . 2 . 6 ), 


max; 

X 


a 


) (I-Q -- ) 

' ^ n z ' 
n 


-1 


= 1 + 


4yy, 


n 


(y-yj' 


(ii+y^) 

* 


An application of Hwagmen-IAndelof principle implies that X(z)p^_^^(z) 
h+y 

is bounded by -rr-- \ • ia the half plane y>h. the arbitrariness 

1 ^“yni 

of h, it follows that X(z)P^^^(z) is bounded by 1 in the upper half 
plane. Writing P(z)=Bj^(z)P^_^^ (z), where 


n 


(z)= n d-Q.f-r'' 


a 


k=1 


^ \ 


and noting that X(z) is bounded by 1, we get, 


1 x(*)P(*)l| " < II \(*) 11' < j, 11 t ^ “ 


a 

< n 

” k=1 



4yyT, 


(x-x) +Cy-tyv^*' 
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n 


4yyv 


<111 


■k=1 \ (x-Xj^)"^+ (y+yj^)" 


Since a is arbitraiy, 


Hp{z)q(z)|P^ > ^ + 


CO 


4yyi, 


-1 


k=1 \ (x-Xj^) + (y+yjj.)" 


00 

> n 

""1^=1 


4yyi, 


1 - 




(y+yv)'" 


Because || 5 ({z)p(z)| is not identically zero^the product converges 
for each z except for z=z, . So 


CO 

2 

1 


”k 

4 * 


for all y ^ Since (xj^+iy^^) has no subsequence converging to 

origla, 

E s ’‘a -<<° • 

So by OSieorem B, it follows that B^(z) — > B(a) as n-oo in the 
operator noxm unifonoly on every bounded set in the upper half plane 
and B(z) is analytic, bounded by 1 in the upper half plane. Thus 
p(z)=B(z)G(z), where g(z)= lim uniformly on every bounded set 

in the upper half plane. Since |1 (z)l 1<1 for all n>1, it 

follows that G(z) is an analytic function such that |1 x(z)G(z)li < 1 
in the upper half plane. By the construction, it is concluded that 
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the zeros of l<z) coincMe with those of b(z). Since E (z) and 

•»»1 

Bj^(z) B(z) have operator inverse at every point in. the semi disc 
of radius j | and 

= B^(zr''B(z)G(z), 

htince 0 ( 2 ) has operator inverse at every point in the semi-disc of 

radius | • arbitrariness of n implies that S(z) has opera tor inverse 

at every point in the upper half plane. Hence the !Eheorem , 

COROIiItAHy ; Let E(a) be an operator-valued function of bounded type 
in the upper half plane and its extension be continuous in the closed 
healf plane. Assume that I-e(z) takes completely continuous values in 
the upper half plane. If E(o) has dense range thon e{z)=B(z)g(z), 
where B(z) is a BLaschke product and &(z) is sua operator-valued analytic 
function of bounded type in "the upper half plane assuming invertible 
values such that I-6(z) is completely continuous throu^ut the upper 
half plane. 

Eroof; If f(z) = I ( ttt)* then f(z) is a function of bounded type in 
the unit disc so there exists a cctapl ex— valued analytic bounded 
function ^ (z) such that |j.^^(z)f(z)H and I- 0 {z)f{z) is completely 
continuous whenever jzj ^1* So by Oheorem 18 ( [6 ] ; p. 355) > zeros of 
0 (z)f(z) are isolated which means that the zeros of f(z) are isolated. 

It follows by the previous (Eheorem that E(z)=B(z)Gr(z), where 

b(z) = lha n t 

n-^oo n=1 ^ ^ 
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Since I~P{z) takes compietely coatinuousj herce by the construction , 
takes completely continuous values in the upper half plane. 
As 

I - = I - Bjz)"^p(z) 

= B^Czr'' (Bjz)-l)+(l-i'(z)) , 

8to I-F j(a) assumes completely continuous values* Because 
n+ 1 

I-G(a) = lim I-P (z) f therefore 1 --G(z) also assumes completely 
a.-* 00 

continuous values. 



CHAITER V 


gACTORIZAglOH m) nrVAEIAIiJ! SOBSIAOES 

Suiamary of the Chapter . 

ff© stably in this chapter, the problem described in sectiott 
1.5 for linear operators, and obtain a number of factorization theorems 
in the process. Iheorem 1 of the chapter improves the result of 
Sz»-Nagy and lOias [233 and the hypothesis of the Theorem 6 ( [? 3 jp. 126), 
by showing that a contraction transformation T in a Hilbert space, has a 
non-trivial invariant subspace if either of the sequences 3or >loes not 
converge strongly to zero, as n-.oo • She proof is based on IL(^ ) spaces 
theory and tne duality between h(b) and h(b*'). In Theorem 2, we show 
that T (a contraction in a Hilbert space) has a non-trivial invariant 
subepace if either (1 -T*t) or (l-TT^) is completely continuous. The 
proof depends on an approximation of a given space h(b) with a sequence of 
finite dimensional spaces H(B^) and factorizations of each B^(z). In 
the end, we conclude that the problem can be reduced to a (non-trivial) 
factorization of B(z),(an operator-valued analytic function bounded by 1 ), 
such that the multiplications by b(z) and B^(z) are isometric transformations 
in S («)» ranges of b(w) and b(w) are dense in S , for all w,|w|< 1; M(b) 

H(b), H(B*) and M (B*) mutually disjoint. 

T.tiMMA 1 ■ I®t %i0), ]L(e) and 31(4') be given spaces such ^(z)= ©(z)+ 4'(2). 
If 3D=3r.(0)ni:.( 4'), then ]L»IE.(X)for some X(a).]L is the null space 
if, and only if, IL(0) is contained isometrically in 3r(0) . The 




SI 


trunoforoatiou f( 2 ) — > ^ 2 )-f(o) in ]l( x) is unitary, if for every 

polynomiul g(z) in TL( O) , ||g(z)j| ^ =11 

j^oof. Because 0(a) = 0(z) + ^(z), the spaces]L(9) and]i(i(») are contained 
in EL (0) and their inclusions in IL(0)do not increase norms. Let 
3E(0) > IE( (’) and IE{ be their extension spaces. Let E= . 

Define E~nom on E fcy 

(%nl) 11 (f(^),g(.))ll |,= tl(f(s),g(a)ll2^^^^.11(f(a),g(z)ll|,(^j 

-| (f(z),g(z||,(^^ . 

EHien E is a Hilbert space in E-norm and contains ( , zg( z)+f(o) ) 

and (af(z) + g(o), ) along with (f(z),g(z)). It follows from 

Bieorem 1 ( [‘i Jj p. 166) that E=: e(x) fo^: some power series x(z) with 
operator coefficients such that Ee x('w)>0 whenever jwj < 1. Moreover, 
IB(X)is included in E(9)and E(’^) and the inclusions do not increase 
norms. 

It follows from Iheorem 3 ([91} P» 166) that every element 
h(z) in ID(0) has a unique minimal decomposition h(z)=f(z)+g(z) , with 
f(a) ia3L(©)and gCz) in IL('I') such that 

11 ^^21)1^^^^ = llf(z)ll ]l(9) ■^11 IL.('I') * 

It is also deduced that if b^(z) = fjj(z)+Si 5 -( 2 i) be a decomposition of 
hjj.(z) in]L(0) , fj^(z) in 3L(«) and 8^(z) in3Ii(’l'),k=1 ,2 and either of 
the decompositions is minimal then 



Now^let 3L(©) be contained inlL(^) isometrically, if f(z) is in IL, 
then fC®) “ fCz) 4- 0 is the m i ni m a l decomposition of f(z) in l(j0) 
witii f(z) inIL(9) and 0 inli( ^), ]E(y ( 5 , 1 . 2 ), 

< f(z), 0 +< 0, . 

Therefore f(a) s 0, which means that Ii is the null space. Itor the converse, 
we asBUiQe that ]Iia {0 1. If the minimal decomposition of some f(z) 
belonging to mC©) be f(z) « f^{ 2 )+f 2 ( 2 ), where f^(z) is in 1 ,( 9 ) and 
fgCs) is in 1»( , then t^i^) - f(z)''f^(z) belongs to ]L which has no 

non-aero element. Therefore f(z)=f^{a) and llf(z)jl * 

It implies that lj(©) is contained in li(0) isometrically, 

Iiet SiC x) space whose extension is IECxX let h(z) = 

f(*)+8(a) b® the minimal deomposition of some h(z) lni,(0)with f(z) 
in IL( ©) and g(a) inHiC ^)» If p{z) belongs to Ii( x) then by ( 5 . 1 . 2 ), 
we have 

(5,U5) < h(a), 0 > 3 ^^j=<f( 2 ),p(z)>jj.(e)-< g(z),p( 2 )>^(^j . 

If h(z) is a polynomial in3Ii(©) j H b(z)Hjj^(^) = 11 b(z)[|j^g^ by 
hypothesis, and the minimal decomposition is obtained with f(z)=h(z) 
and g(z)«0 in (5..1.3). So for every p(z) injif) 

< h(a),p(z)> =< f( 2 ),p(z)>]j^ s(z)>p(z)>jj^^^^ 0. 

^ the arbitrariness of p(z) in 3L( x), it follows that U x) has no 
polynoiiiisCL w !I!h6r6for6j It impliBs that 
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iOr all f(z) of I){ x) , which means that f(z) — > f(z)-f(o) ^ 

z 

unitaxy transformation inir.( X\ Ihis completes the proof of the lemma. 
Thu following lumma is an application of lemma 1 . 


imuk 2. 


let H(b) be a given space such that the elements of the form 


B(z)i(z), i(z) in Il( jZf) the overlapping space cf H(b), form a dense set 
in H( d) , Then H(b) is the null space, if and only if, there is no non-zero 
space #) contained inIi()ZJ) and]l(l-j^ ) such that the inclusions 


do not increase no 3 :ms. 


Igroof: One way is trivially true. Assume that the given space h(b) 

is non-null, then there exists an element l(z) in3l(j2() such that 
(j l(z) jj j>|l(z) jj , which implies that the space ]l(0)is not contained 
isometrically inll(l). Baerefore by lemma 1, ll(=]l(0 )n]l(l-j^)')is a 
aon-null space and is equal to ]l( >1') for some tCz). definition of 
the nojra in the inclusions of 3l( '!<) in]i(0) and Il(l-0 ) do 

not increase norms. Hence the lemma. 

The lemma can be used to characterize b(z) where H(b) is given by 
Theorem 5 ( [7 ] » p* 126). 

COROHtARY 1 . let H(b) be a given space such that the set of elements 
of the form B(z)i(z), i(z) in]l(j2f), the overlapping space of h(b), 
is dense in H(b). Then the multiplication by B*^(z) is not isometric 

unless H(b) is the null space. 

Proof ; If the multiplication by B*(z) is s(z) is isometric, then 
by Biooral 5 ( [ 7 ]| P* 126 ), there is no non-zero spaoem*) 

eontained in !!,((«) and 3l(1-2( ) such that the imlusions do not 
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increase norms. Hierefore iL(jZf) is contained isometricaiiy in 1.(1), 
which means B(z)l(z)=0 for every element 1 ( 2 ) of ]L( jZl). Hence fl(B) is null. 

fb 11 owing Thooreia. illustrates an use of h(b) space theory in 
invariant aubs paces theory • 

THi^DRiiiM 1 s Let 1? be a contraction (i^e# a transformation bounded by 1 ) 
in a Hilbert apace H of dimension greater than 1 • Assume that either 
!r^ * 7 *^^ 0 or 0 as n-»oo in the norm of H. IHien there exists a 

non-zero closed proper subspace of H, invariant under T. 

Proof s If H is unseparable space, then for every non-zero element f 
in H, the closed span of I'^f , n=0,1,2..., is a non-trivial subspace, 
invariant under T. So we assume that H is separable. By a result 
from C 24 ] , it follows that T can be decomposed uniquely as a direct 
sum of a unitary transformation 0?^^^ and a completely non-unitary 
transformation (t is said to be c.n.u if for every non-zero element 

f in H, there exists positive integer n=n(f) such that jjT fH<Hfjj or 
11 T*®f 11< I f 11 ). If 3?^°^ is zero then T is unitary on H and therefore 

its iavarlEut subspaces can be obtained by knowing its spectral integral 
3 r 6 pres 6 ntatxoa* If is non— zero then the domain of I is a 

closed y proper subspace of H invariant under So In what follows we 
shall assume that there is no non-zero subspace M in H such that the 
restriction T/^ is unitary in M • Consider the closed space W of 
elements f Of H suci that = Jf 1 , h=1 ,2,... The orthogonal 

complement of W in H is the required inTariaht subspace of T if it is 
non-mu and properU contained lo E. If N = B then I is a partial 
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isanetry which contradicts our assumption, so we assume that N= { 0 } ♦ following 
sdailar arguments , we assume that there is non-zero f in H such that 
jj I =* jj i II for all j otherwise T has a non-trivial invariant 
subspEce# Thus in what follows we assume that for every non-zero f in H 
II < |jf I and jj || < |j f jj for some n>0 ■ 

Because il is separable, the dimension of the closure of the 
range of (l-T*!) is countable, let 5 be a infinite dimensional 
(separable) Hilbert space. the results of the section (I.2.II), I is 
unitarily equivalent to the transformation 

R(0):f(z) 

in a space H(b) , where b(z) is some series with operator coefficients 

such that the identity 

(5.1.4) |jllzM0l||2 ^ |f(2)l||- |f(o)|2 

holds for every f(z) in H(b). Bie transformation U;f(z) f(z) 

(defined by (1.2.6 )) on h(b) is a partial isometry onto h(b*). 

If Uf(z)=0 for some f(z) in H(b) then r(o)*“ f(z)=3^f(z) which means 

that I R(0)*^ f(z) 1= l|f(z)i| , for all it=0,1,2,... It follows that 

B B 

f(z)=0. So U is an isometric transformation defined on H(b) onto 
H(B*), We now assume that R(o)^f(z) 7^ 0 as n-»0D for some f(z) is 

H(B)^which means that there exists an element f(z) in h(b) such that 
11 f(z) ilg >|j f(z)|| . So H(b) is not contained isometrioally in ^ (z). 
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Consider the closed subspaoe of h(b) which is isometrically 
contained in siz). Ghis contains ^ (because of (5.1 .4)) 

whenever it contains f( 2 )^so it is the required invariant subspace j 
prooided there exists a non-zero f(z) such that llf(z)llg= ljf(z)ll . So 
in what follows we assume that ||f(z)||g >|jf(z) |j for all f(z) ( O) of h(b), 
which in other words means that the orthogonal camplement of the range 
of multiplication by b(z) in $(z) is null. So the elements of the 
form B(z)i(z) with l(z) in the overlapping space of H(b), form a 

dense set in H(b)» (therefore by lemma 2, there exists a non-zero space Ij( ♦) 
contained in Ii(^) and Ii(l-jZJ) such that the inclusions do not increase 
norms. We also note that there is no non-zero B(z)e in H(B)^ince 

belongs to ![•( j2J)along withl{z), hence b(z)i(z)=0 whenever l(z) is a 
polynomial inI,(jZJ). So l(z) l(z) for all polynomial l(z) of TL{0)^ 

At this stage we can use (theorem 3 and 4 ([7 ]j p* 126) to show that 
BCz)»A(z)c(z) such that H(a) is a non-null proper subspace of h(b). 

But we give here an easier argument. 


Consider the closed span of elements l(z) of JLi0) such that 
II I,(z) liji;,(0) =ll l(z)ll • Obviously ^t is not whole of 1 ,( 0 ) . If l(z) 
belong to the span^thea B(z)i(z)=0 and so if 


(5.1.5) c i(0) =< l(z), ~ ^(z)-0(o:^^^ 


^ 0 ) 


1 zl(z) + l( 0 )l}^^^=l|zB(z)l(z)+B(z)i( 0 ){l 5 +llzl(z)+i( 0 )f 

= |j zl(z)+i(o) |j ^ 


then 
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b0CEU80 H(b) hois no non— jsoro olemsnt of the form B(z)c for any constant c* 

It Implies thst ths closed span is invariant under the adjoint of 

l(z) defined in Hi,0) . Haerefore its orthogonal 

coiaplement is a closed subspace of li(0)^which contains 

whenever l{z) belongs to it, and 

JSierefore the complement is equal to some 3L(6 ) , which is obviously a 

non~null space. Infact, it is of dimension greater than 1. Bie 

multiplication by B(z) on ID (6 ) is a one-to-one transformation and has 

dense range in H(b)» Since by (5.1 *6 ), the transformation is unitary, 

, N . l(z)-l(0) 

so ID(©) has a non-trivial subspace M invariant under lU; a 

We claim that the image of M io H(b) under the multiplication 

, S f(2)-f(0) 

trtinsformation by B{z), is invariant under the adjoint of t(,z) ^ 

let B(z)l(z) be in the iaiage of M for some l(z) in 14. Since 

— » zl(z)+i(o) (i(0) is the same as defined in (5, j . 5))under the 

adjoint of l(z) — > , hence zB(z)l(z)+B(z)i(o) belong to 

the image of M- I"*: follows from Theorem 11 (16] p. 34-9) that 

r(o)*: B(z)1(z) zB(z)1(z)+b(z)1(o). 

This proves that the closure of the image of M in h(b) is a non-null 
proper subspace of H(Byhich contains R(of f(z) whenever it contains 
f(z). Its orthogonal complement is the required invariant subspace of h(o) 
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In the rest of the proof we assume that E(o)^ — > 0 in the 
com of H(B) but there exists an element g(z) such that R(o)*“g(z) 0 

as n-^oom In other words, it means that the multiplication by b( 2 ) 
is iscanetric in S(z) whereas the mtatiplication by B*^(z) is not 
partially isometric. So the closure of the elements of the form B*(z)l(z) 
with l(z) in ^z)yis a non-null subspace of h(b’*'). With the previous 
arguments, one can show that this closure is invariant under the adjoint 
of the transformation R^(o)tf(2) — > ^(z)-f(o) h(b*) . Since h(b*) 

is iscsmetrically iaomorpnic to H{b ) under the tiransformation 
?;f(a) i(z)f where 


o' f{w) =<f(z), 


z-w 




and VR^(o)*= rCo)V , the image of the closure of elements of the form 
B»^(z)l(z) in H(B*) with l(z) in S (z), is a non-null closed subspace 
of H(b) which contains whenever it contains f(z),It reioains 

to show that it is properly contained in h(b). If it coinci-des with 
HCb), then the set of elements of the form bKz)i(z) in h(b ) is dense 
in H(b*)* % the corollary of Lemma 2, it then follows that h(B*) is the 

null space which is not possible. OMs completes the proof of the 
theorem. 

If we summarize the proof of the Iheorem , we get the following 
Corollary. 

OOEOLIJm : let T be a contraotion on an Infinite dimensional 

(separable) Hilbert spene H. Ass* that there Is no non-sero element 
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f in H such that \\ T^f ||= j{f|j for all n>1. if if^coaverges to zero 
strongly, then there exists a non-zero element g such that f - o as n-co 
Hence the closed span of such elements gjlsanon— null invariant subspace 
of T. 

5.2 ®he follovsfing Theorem shows that b(z) can be factorized if 
either of operators 1 -B(o)^(o) or 1 -B(o)b('^) is completely continuous • 

'JHfiORJEM 2 i Let T be a contraction on a Hilbert space H into itself. 

Assume that T is bounded by 1 and either of the transformations 

or (1-TT*) is completely continuous. If H is of dimension 
greater than 1 then T has a non-trivial invariant subspace. 

We require follovdng leiomas to prove the Theorem. GSiroughout 
the chapter the coefficient space S is assumed to be separable. 

ZiiaffliA 3 i A necessary and sufficient coMition that h(b) is finite 
dimensional is that 

(5-2.1) b(z)=B^(z)B 2 (z) B^(z), 

where 

-1 

(5.2.2) 2 (I+B,^(z)) =I+i3^ Vk ’ 

the (c, ) are vectors ax 3 d 1« factors can be so chosen that 

H(b^B 2 ..,:^) is contained isometrically in h(b) for all k=1,2,...,n, 

-TilMUffA 4 ; i,et H(b) be a given space such that the operator 1 -B(o)b(o) 

!Ihen there exists a sequence of finite 


is ccsmpletely continuous. 
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dimezuBiOQSl space H(b^) such that B(w) = lim B (w) for all complex 

0 - 1.00 

number w » 1 1 ^ ^ • 

following Bemma extends the result of Bemma 6 ([5 ]; p* 53). 
BEMtA 5: If H(Bt^) is ary sequence of spaces such that 1 -B^(o)B^(o) 
is completely continuous operator for 0 = 1 , 2,... » then there exists a 
awbsequeno© ^ 0^^"^ of positive integer such that 

1-B^ ( a) \ (w) 

c -A-=-X_ c 

1~aw k-00 


for each constant c and complex numbers [a| Wl^ '’• 

TiffiMWA fi i liet H(b) be a given space such that the multiplications by 
B(m) is isometric in S (z) and 1 -B(o)’S(o) Is completely continuous, 
aen B(«)-A(z)pCz) 0{*) such that H(b) is 0 or 1 dimensional and H(a) 
is iaoaetrically contained in h(b). 

pjc^of given space H(b) is of dimension 1. If 

(5.2.3) 

/V\ 4. • l(z )-l(0) 

then 1.(0) is also 1 dimensional. Since I, contains ^ 


(i) 

(ii) 


- a arri b are vectors then ab denotes the operator defined by 
;{c) » aOBb) for all vectors c. 

re results of Theorem 2, Lemma 5 and 6 were ^ 

[4 1 ;p.396) and ( l4] J P* 720) respectively,^ the author 
riled to l^ate the proofs of these announcements. 
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wbeaever it iiaa l(.), M0), where c is some constant 

^ 3E.(^^)oan not have any non-zero polynomial, so 


for evBxy i{z) in IL(^) « it implies that [ ^| ~ "I* ^ the definition 

of lc(w,z), sue get, 




cc 

X)(1-zT ) ’ 


or 3^ 


“ (0Xz) +?(w))= 


( 1 + 


st\ 

1-wX 


+ 



) cc . 


iBherefore, 

(5«2,4) 1+i2J(z) * 1 + ( ^3^ ) <5^ • 

Ooabining (5.2.3) and (5.2.4), we get, 


2( UB(^))-’ = 1 + ( ^ ) CO . 

low let H(b) be of finite dimension (say n). Then e(o) has an invariant 
aubspace of dimension (n-1). So b(z)=A(2)c(z), where h(a) is l-dimensional. 
Continuing the same arguement, (5.2.1) follows by induction. The last 
part of the T j«=*™"a follows from the fact that H(a) is isometrically 
contained in h(b)* 

Broof of Lemma 4 ? Assume that (1 -B(o)b(o) is completely continuous 
operator. If 0(z) is defined by (5.2*3), then Re 0{o) is completely 
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ci“.jtiiiuou3» Ihe function 0(z) caa be so chosen without changing the 
space S. ( jZJ ) such that 


2^2 Sr- 


in the unit disc ^ where V*( 8 ) is a non-decreasing operator— valued measure • 
% Lemmu 3 ( f?63 ;p« 58 ) , it follows that there exists a sequence of 
apuces I* ( 0 ^) for n=1,2,..., such that the dimension of Ii ( 0 ^) is n and 


0(z) = lim ^^(z) 
n-* 00 

fortaally (coefficient wise convergence). Define 

Bjz) = 



then each H(B ) is a finite dtoensional space. Moreover, b(z) = lim B^(z) 
“ n-. 00 

formally, which implies that 


B(w) » lim B (w) 
n -*-00 

for all complex number w, |w| < 1 . Hence the lemma. 

Broof of Iienma 5^ Tbs leiama can be proved on the lines ,that used in the 
proof of Iienma 6 ([5 ]» p* 53). 


Proof of 6 : By Lemma 4, there exists a sequence of finite 

dimensional space H(B ) such that b(z) = lim B^(z),and 1 -Bj^(o)b^(o) 

“ n-* 00 

is completely continuous for 0=1,2,.... Let c be a vector and h^ 
be numbers such that 


(5.2,5) 
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for.v.ryn. let h= llm h Sinoe h(B ) ie of aimenelon n, 

n *^00 ^ 

Sn<”) = 

^ Ic W 
So, B^(a) a D^(z)c^( 2 ), such that 

and H(D ) is isoaetrically contaiaed in H(b ). Applying the same 
oxgument it follows that Dj^(2)=A^(z) ]^(z) such that 

“ I \(o) 

H(I^) is of dimension 0 or 1 and H(A^) is isometrically contained in 

H(D^). ^ lemma 5, .there exists a subsequence n^^ of positive integer 

such that A(z) = lim A„ (z) , p(z) = lim T (z) and c(z)=liia G (z). 

\ “k \ 

I|y the construotior^it follows that h(a) is contained in h(b). 

Since H(b) is contained isometrically in s(z);the multiplication 
hy ii(z) and C(z) are partially isometric transformations. So the 
inclusion of H(a) in H(b) is isometric. Since each h(P^) is of 
dimension 0 or 1 , so h(p) is also of dimension 0 or 1 . !Ehis proves 
the Lemma, 

Proof of Oheorem 2: We assume that and 3?^ both converge to zero 


strongly as n- oo , otherwise by Oheorem 1 , I has non-trivial invariant subspaces 
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We can also as8ume(by the proof of Iheorem 1 )that H=h(b) is an infinite 
dimensional (aeparable) space, !l>= e(o), the coefficient space S is separable 
and the multiplications by bCz) and B>^(z) are isometric transfoimtions in s(z). 
We assume that ig completely continuous which implies that 

1-B(o)B(o)is a completely continuous operator. ly lemma 6, b(z)=a(z) 
l(z)c(z) such that the spaces H(a) and h(AE') are contained isometrically 
in H(b)» % construction H(AB) is a proper subspace of h(b) and is the 

required invariant subspace of T. 

is completely continuous then the same arguments can 
be given for to get a siraileir factorization of #(z). So in that case 

too, T has a non-trivial invariant subspace, OSais completes the proof 
of the Theorem. 

5«4 Oie following section concerns with the existence of invariant 
subspacee of a contraction transfoimation T such that 0^ — > 0 and 
T* 0 as n -*oo.In the view of the proof of Theorem 1 , we can assu.ie that the 
given space is H(b) for some B(z) with operator coefficients and the 
given transformation is e(o): f(z) — > in h(b) such that 

H(b) and H(#) are isometrically contained in S{z), i.e. the 
multiplications by B(z) and if(z) in S(z) are partially isometric 
transformations. (We also assume that H(b) and H(B^) both are infinite 
dimensional spaces). We determine the invariant subspaces of e(o) 
which can be obtained by factorizing b(z), in case b(z) is a polynomial. 

Since H(b) is contained isometrically in S(z),the closed 
subspace of constants which belong to H(B),ie equal to H(Ap), where 
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A^{a) “ z. It is obtained by an eai^ computation that 

I^sB 1-pQ» ijj ie an pro;Jection on Sand the range of Pj in Sis 
isoaetrically equal to H(a^). iHierefore a ^ace h(O^) exists such 
that B(»)aA (z)cAz) and the multiplication by 0 (z) is an isometry 
In S(z)» Continuing inductively, we obtain that b(z)=A^(z;)c^(z) » 
where 


A^(z) * ( Pq+ (1-Pq)z ) (P^+ (l-P^ )z ) . • • (V ^ * 

Since B(z) is a polynomial, and r(o) ^ > 0 as n-oo, the closed 
sp^n of 

{Hof J n=0,1,2,.., c in S} 

ia whole of H(B). Oherefore the process of induction teimnates at 
some tt (depending on the degree of b(z)). Therefore, it follows that 
H(C^) has no non-zero element for some n, which means that C^(z)=C^(o) 
la an unitary transformation* Thus B(z) can be written as 

where i-0,1,---»^ are projections on S * 

that B(t) Is an Infinlts power ssriea. If H= H(B)nH(#) 
then H is a cXosed suhspace of h(b) which contains whenever 

it contains f(n) and is the required invariant suhspace.il it is 
a non-trivlal subspacs. So tt is assumed that either H = {0 }or 
Ife H(B). If H(B) w H(#), then by inclusion theory, ^B(n), 
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whers U is sn 'unilisry ts^aaeformation on S, Since b(z) is bounded by 1 

in ihs unii disc aisi assumes unitiary values almost everywhere on the 

lihit circle, hence / [[-BCe^” )[[ de <°°. 

0 

Therefore by Theorem 4 ( [21] ), b(2)=VA*(z)a(z), where a( z) is some 
power series with operator coefficients which converses in the unit 
disc and V is some unitary transformation S . since b(z) is bounded by 1 , 
so A(z) is also bounded by 1 in the unit disc. It also follows tliat the 
multiplications by A(z) and A*(z)^are isometric in ^(z). It is easy to 
observe that H(a*) is non-null, otherwise a(z)=a(o) and so b(z)=B(o). 

It also says that H(b) / H(A*), because then A^(z) (A(z)-A(w))= 0 for each 
complex number W', | w | < 1 , which again implies that A(z)=A(o). So H(A*) 
is contained isometrically in H(b) and is a non-null proper subspace of 


H(b)^ which contains alongwith f(z). So e(o) has a non-trivial 

invariant subspace if H(b) = H(b*<‘). So in what follows we assume that 

H{B)nH(B^)= <0 }i.e. W(b) +M(#)= S(z), where M(b) and are 

the ranges of multiplications by b(o) ^nd B^(z) in 5(z), respectively. 

If M(B)nH(B»^) ^ <0 } then H(B*^) contains a non-zero element of the 

form B( 2 )f(z) where f(z) is some element in S(z). Since the multiplications 

by b(z) and S^(z) are isometrics in S(z), an easy calculation shows 

that B(z) belongs to H(B^). But as B^z^^^ 2 )-B(o)f (o). 

z 

belongs to H(b»^) so f(o) belongs to H(B^);Which either contradicts 

the assumption that H(B)nH(B^)= tO }, or implies that ^ ^ f(o)-0. 

B(z)-B(0 ^(o)= 0 then f(o) is orthogonal to the coefficients of elements 

of m that caaa one can prove that h(b») has a non-trlvlal invariant 

aubapaoe of f(n) and henee h(b) has a non-trivlal invariant 

subspace of e(o). 
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susHEing W8 g©*t thali a space H(b) contained isometrically in S (z) 
such that Ui&) is also contained isometrically in 5(z), has a non- 
trivial closed subspace which contains whenever it contains 

z 

f(z), if either H(B)nfi(B^) ^ { 0 } or, M(B)nH(B^) yi {0} • 

The spectrum of r(o) in H(b) is directly connected with the 

existence of invariant subspaces of e(o)* A point w in the unit 

c 

disc, is an eigenvalue of R(o), if and only if, — =— belongs to h(b) 

1 — zw 

for sci&e non-zero constant c, which is equivalent to say that 

B(z)b(w) /_\ — , s 

1-^ *■ c belongs to H(B) which is possible, if and only if, B(w)c=0, 

i.e. when B(w) fails to have dense range in S . if (r(o)-w) fails to 

have dense range in Sfor some number w, |w|< 1 , i.e. if w is an 

eigenvalue of e(o)* then it can be shown that B(w)c=0 for some non-zero 

constant c, implying thereby that B(w) is not 1-1. Hence the problaa 

of testing the existence of invariant subspaces is equivalent to 

factorize operator-valued function b(z) vhich has infinite power series 

expansion such that (i) the multiplications by B(z) aqd B^(z) axe 

isometries in S (z) and (ii) B(w) and B(w) have dense range in 5 for 

Qv&xy complex ntmaber w , j w | < 1 . 



Appendix on 3L(j2i) Spaces 


The following is a siraple application of IL (0) spaces theory, 

which gives a significant result, 

00 

THEOREM 1 » Let 0(z) = £ A be an operator-valued analytic 

n=0 

function in the unit disc such that 

0 £Re 0(z) =j (0(z)+0(z))£l 

for every z in the unit disc. Then 

00 _ 

1 A^ A < 4 Re A^ (l - Re A ) . 

n=1 “ ° ° 

Moreover, if Re 0{w) = 0 for some w, |w[< 1, then 0{z) = iii, where A 
is scaae self-adjoint operator. 

Eroof « 5y "the given hypothesis and the proof of Theorem 1 ( [7] ; 

p, 126), the spaces 1 l( 0) and exist, and are contained in s{z) 

such that their inclusions do not increase norms. Therefore, 

•“ (0(z)^^(o))o belongs to 5(z) for every constant c, and 

11 i «!i)H?Co))cll^<lll W(z)h?(o))c11=jj^(^) =1=W(o)^?(o))c, 
or equivalently, 

i 2 lA^c|^ + I (Re A^)cl^ < c (Re A^)c. 
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^ the arbltirariness of c, 

00 __ 

2 A A < 4 Re A^(l - Re A ) . 

n.1 ° ° 

Again, if Re |^(w) * q for some number w, jwj <1, then 



= c Re 0{'n) c. 

= 0 , 

i.e., (j2JCz)+0(w))e = 0 

for every constant c. Hence 0iz) = “■ 0{yi) = lA, for some self adjoint 
operator A. 

SHE!CEil£ 2. Let ITiOzJ) be a given space. Ihe transformation l(z) — > iCz) 
defined on lh{0) ioto is isometric, if and only if, IL(^) has no 

'non-aero constant, where 

C iW=<xW,i 

for ovory nunbor jw|^ 1 o-nd constant c» 

Eroof . let m{j6) and TBif) be the extension spaces of IL(0) and Mf), 
respectively. If 1L(/) has no non-zero constant, then there is no 
element (f(z),g(z)) in m{0) ^ch that g(z)=c for any non-zero constant 

c. Since ( , zg(z) + f(o)) belongs to lBi0) whenever (f(z),g(z)) 

belongs to lE{0)r ^(0) contains no non-zero element (f(z),g(z)) such that 
g(z) w 0. jEy the definition of IE(^) , 
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1 (f(z),g(z))l =1U(=2) 11 ]!,(/) . 

Since the tiensfoiaiation l(z) — ^ (l{z)y 1 ( 2 )) is an isometry on ]L(j^) 
into lE(0)t so l(z) — ^ i(z) is an isometric transformation on l!j(0) 
into mif*). 

Conversely, let l(z) i(z) be isometric. Iben the range of 
the transformation l(z)--> (l(z), 1 (z)) in 3E(0) is orthogonal to 
elements of the fcxna (f{z),g(z)) such that g(z)=0. But as the orthogonal 
complement of the range consists only of elements of the form (f(z),g(z)) 
where f(z)=0, hence there is no non-zero element (f(z),g(z)) in IB(0) 
such that g(z) = 0. If c is an element in IlOz!*) then there exists an 
element f(z) in IlCjS ) such that (f(z),c) belongs to 1E(0), i.e., 
(c,f(z)) belongs to ISO^). Haerefore (o,zf(z)+c) belongs to IE(^). 

As (zf(z)+o,o) belongs to 1E(0) it implies that c=0. Hence the 


IQaeorem* 
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